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A I\.IETHOD FOR  ANALYZING DYNAIIIC STALL 

OF HELICOPTER ROTOR BLADES 

By P e t e r  C r i m i  and  Barry L. Reeves 
Avco Systems  Division 

A method has   been  developed  for   analyzing  the dynamic s ta l l  of   he l icopter  
ro to r   b l ades .  The  method  employs a model for   each   of   the   bas ic   f low  e lements  
involved i n  the  unsteady stall  of a two-dimensional a i r f o i l   i n   i n c o m p r e s s i b l e  
flow. The in t e rac t ion   o f   t hese   e l emen t s  i s  analyzed  using a d i g i t a l  computer. 

Ca lcu la t ions   o f   t he   l oad ing   on   an   a i r fo i l   du r ing   t r ans i en t   and   s inuso ida l  
pi tching  motions are i n  good qual i ta t ive  agreement   with  measured  loads.  Dynamic 
o v e r s h o o t ,   o r   l i f t   i n  excess of   the  maximum s ta t ic  value,  and uns tab le  moment 
v a r i a t i o n  are i n  clear e v i d e n c e   i n   t h e  computed r e s u l t s .   Q u a n t i t a t i v e   d i f f e r -  
e n c e s   c a n   b e   a t t r i b u t e d   i n   p a r t   t o   t h e   u s e  of a l i n e a r i z e d   r e p r e s e n t a t i o n  of 
t h e   p o t e n t i a l   f l o w  and a quasi-steady model of the  viscous  mixing  region.  

Computations were also  performed  of   the  loading  and  pi tch  response  which 
r e s u l t  from  unsteady s ta l l  induced by a series of d i sc re t e   vo r t i ce s   convec ted  
p a s t   a n   e l a s t i c a l l y   r e s t r a i n e d   a i r f o i i .  The r e s u l t s  were used   to   conf i rm  tha t  
l a rge   t o r s iona l   r e sponse  of he l icopter   b lades   dur ing  a maneuver  which  had  been 
d e t e c t e d   i n   f l i g h t  tests c a n   b e   a t t r i b u t e d   t o  dynamic s t a l l  induced  by  pre- 
v ious ly  formed t i p   v o r t i c e s .  





INTRODUCTION 

Hel icopter   operat ion a t  h igh   fo rward   speed   r equ i r e s   t ha t   t he   r e t r ea t ing  
blade  develop a high l i f t   c o e f f i c i e n t   b e c a u s e   o f   t h e   d i m i n i s h e d  dynamic pres- 
s u r e   o v e r   t h a t   p a r t   o f   t h e   r o t o r   d i s c .  A s  a resu l t ,   under   condi t ions   o f  maxi- 
mum per formance ,   the   f low  per iodica l ly   separa tes   f rom  and   rea t taches   to   each  
blade,   g iving rise to   s eve re   o sc i l l a to ry   con t ro l   l oads ,   i nc reased   v ib ra t ion  
levels and, a t  times, a t o r s i o n a l   a e r o e l a s t i c   i n s t a b i l i t y .   C o n s e q u e n t l y ,  un- 
s teady   b lade  s t a l l  s e r i o u s l y  limits helicopter  performance  (Refs.  1 and 2). 

Data from wind tunnel  tests of o s c i l l a t i n g   a i r f o i l s   h a v e  sho1-m t h a t  s ta l l -  
ing  under   unsteady  condi t ions  differs   markedly  f rom s ta t ic  a i r f o i l  s ta l l  (Ref. 
3 ) .  L i f t   c o e f f i c i e n t s  20 t o  30 p e r c e n t   i n  excess of t h e  maximum s ta t ic  v a l u e  
have  been  measured.  Also,  there i s  a subs tan t ia l   loading   hys te res i s   accompanied  
by l a r g e  nose-dotm aerodynamic moments v a r y i n g   i n  time i n  such a way as t o  ex- 
tract  energy   f rom  the   f ree  stream. 

There  have  been a number o f   ana ly t i ca l   s tud ie s   o f   t he   p rob lem  in   r ecen t  
years  (Refs. 4 ,  5 and 6 ) .  The r e s u l t s  are of   l imi ted   appl icabi l i ty ,   however ,  
because  of  the  use  of  empirical   methods.  

The s tudy   repor ted   here  1-7as directed  toward  developing a genera l  method 
fo r   ana lyz ing  dynamic s t a l l  and  applying  the method i n  t h e   a n a l y s i s  of a type  
of  wake-induced s t a l l  d e t e c t e d   i n   h e l i c o p t e r   f l i g h t - t e s t   d a t a .  The  method 
developed   u t i l i zes   mathemat ica l   representa t ions   o f   each   of   the   f low  e lements  
involved i n  u n s t e a d y   a i r f o i l  stall.  The in t e rac t ions   o f   t hese   e l emen t s  are 
analyzed  using a d i g i t a l  computer .   Considerat ion  has   been  l imited  to  two- 
dimensional,   incompressible  f low. However, t h e  method has   been  formulated  to  
accoun t   fo r   a rb i t r a ry   p re sc r ibed   a i r fo i l   mo t ions   and   a i r fo i l   s ec t ion   cha rac -  
teristics. The method is ,  t h e r e f o r e ,   a p p l i c a b l e   t o  a number of  aerodynamic 
and   aeroe las t ic   p roblems  involv ing   uns teady   a i r fo i l  s t a l l ,  such as stall 
f l u t t e r  of   p rope l le rs ,   ro tors   and   compressor   b lad ing ,   ro ta t ing  stall  i n  axial- 
f low  compressors   and   response   o f   a i rc raf t   to  severe gus ts .  

3 





SYMBOLS 

An 

a 

C 

C1 

Cm 

Cn 

cP 

C 

‘n 

H 

H 
- 

il 

J 

k 

1 

m 

c o e f f i c i e n t s   i n  series rep resen ta t ion  of y 

d i s t a n c e   a f t  of  midchord  of p i t ch   ax i s   i n   s emichords  

c o e f f i c i e n t s   i n   l i n e a r   e q u a t i o n s   f o r  An’s  and B n ’ s  

c o e f f i c i e n t s   i n   r e p r e s e n t a t i o n  of o 

a i r fo i l   s emichord ,  m 

s e c t i o n  camber d i s t r i b u t i o n ,  m 

l i f t   c o e f f i c i e n t ,  c1 = 1/( p u  2 b )  

moment c o e f f i c i e n t  , C, = M/(2 p U b ) 

normal-force  coeff ic ient ,  C, = N / ( p U 2 b )  

p r e s s u r e   c o e f f i c i e n t ,  c = 2 ( p - p , ) / ( p u  2 ) 

a i r f o i l   c h o r d ,  m 

c o e f f i c i e n t   i n  series rep resen ta t ion  of C 

shear   l ayer   shape   fac tor ,  H = 8/6* 

v e r t i c a l   s e p a r a t i o n  of vo r t i ce s ,   i n   s emichords  

sec t ion   p lunging   ve loc i ty ,  m/s 

shear   layer   parameter ,  J = 8*/ 6* 

rec iproca l   tu rbulen t   Reynolds  number, K g  = em/ue e 
reduced  frequency, k = ob /U 

dimensionless   pi tch  natural   f requency,  k e  = 0 8  b/U 

l i f t   p e r   u n i t   s p a n ,  N/m 

l eng th  of  dead-air  region, m 

Mach number 

moment per   un i t   span   about   p i tch  axis, p o s i t i v e   t o   i n c r e a s e  8 

2 2  

P 

P 
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P 
- 
P 

- 
R 

r n  m '  'k 

S 

'm 

T 

TM 

e n 

U 

number of terms i n  series representa t ions  of T and C 

number of wake elements 

number o f   c o e f f i c i e n t s   i n  series r e p r e s e n t a t i o n  of y 

number o f   g r i d   p o i n t s   i n   t h e   ' I - d i r e c t i o n  

number of  source  elements 

f o r c e  component normal   to   chord   l ine   per   un i t   span ,  N/m 

pressure,  N/m2 o r   p s i  

dimensionless   pressure,  j5 = p/p Uo2 

magnitude of f low  ex te rna l   t o   boundary   l aye r ,  m/s 

r a t i o  of streamwise boundary-layer  flow component t o  u0 

r a t i o  of normal  boundary-layer  flow component tcj uo/,&- 
b 

Reynolds number based  on  length  indicated by s u b s c r i p t  

i n t eg ra l   ove r   shea r   l aye r ,  

- 
R = (2 Uo/Ke H ue) Is ( . / p  ue2) ( J q s / J y  1 dy 

0 

inhomogeneous terms o f   equa t ions   fo r  An's and B,'s 

leading-edge  radius,  m 

streamwise vor tex   spac ing ,   in   semichords  

streamwise boundary-layer  coordinate 

mth streamwise boundary-layer   gr id   point  

s e c t i o n   t h i c k n e s s   d i s t r i b u t i o n ,  m 

r o t o r   b l a d e   t o r s i o n a l  moment, Ib - i n  

t i m e ,  s 

dimensionless time, t = Uo t/b 

c o e f f i c i e n t   i n  series rep resen ta t ion   o f  T 

instantaneous  f ree-s t ream  speed,  m/s 

- 
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ucl 
U 

V 

X 
W 
n 

Yn X 

Y 

a 

AP 
A t  

A e  

S 

r e f e r e n c e   v e l o c i t y ,  m/s 

fl01.7 p e r t u r b a t i o n   i n   x - d i r e c t i o n ,  m/s 

f101.7 ex te rna l   t o   v i scous   mix ing   r eg ion  

root-mean-square  f luctuat ion  of   f ree-s t ream  due  to   turbulence 

f 101.7 p e r t u r b a t i o n   i n  y -d i rec t ion ,  m/s 

dotmwash due   to   a i r fo i l   inc idence ,   mot ions   and  camber, m/s 

coord ina te   sys tem  wi th   o r ig ia  a t  midchord of mean p o s i t i o n  
of a i r f o i l  

coordinate   system  with  or igin a t  leading  edge of mean p o s i t i o n  
of a i r f o i l  

va lue  of x a t  the  terminus  of   the  vortex wake 

coordinate  of nth v o r t e x  wake element 

coordinate   of  nth p o i n t  a t  which  f lowtangency  condi t ion is 
imposed 

coordinate  of ith source  element 

l o c a t i o n  of midpoint  of ith source  element 

o r d i n a t e   o f   a i r f o i l   s u r f a c e   w i t h   r e s p e c t   t o   c h o r d l i n e  

angle  of attack, rad   o r   deg  

bound v o r t e x   s t r e n g t h , .  m/s 

wake v o r t e x   s t r e n g t h ,  m/s 

wake v o r t e x   s t r e n g t h  a t  nth wake poin t ,  m/s 

PL - pu 
increment f o r  i n t e g r a t i o n   i n  time, s 

half   ampli tude  of   s inusoidal   pi tching,   rad  or   deg 

boundary  layer  thickness  defined as d is tance   f rom  sur face  
a t  which U, qs = 0.995 q, , m 
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a 

€ 

77 

8 

8* 

A 

CL 

v 

P 

U 

U 
0 

0 

boundary  layer   or   shear   layer   displacement   thickness ,  m 

eddy v i s c o s i t y ,  m2/s 

dimensionless   boundary  layer   coordinate ,   ra t io   of   dis tance 
from t h e   s u r f a c e   t o  b / K  

.th normal  boundary-layer  grid  point 

boundary  layer   or   shear   layer   displacement   thickness ,  m 

p i t ch   ang le ,   r ad   o r   deg  

mean p i t c h   a n g l e   o r   p i t c h   a n g l e  of ze ro   r e s to r ing  moment, deg 

shear   l ayer   energy   th ickness  

pressure   g rad ien t   parameter ,  A = - ( S 2  d p / & ) / ( p q e )  

v i s c o s i t y ,  N - s/m2 

k inemat i c   v i scos i ty ,  m2/s 

1 + € / V  

dens i ty ,  kg/m3 

s t rength   o f   source   d i s t r ibu t ion   represent ing   dead-a i r   reg ion ,  
m/s 

t o t a l   s o u r c e   s t r e n g t h   r e p r e s e n t i n g   a i r f o i l   t h i c k n e s s  and  dead- 
a i r  region,  m/s 

shear  stress, N/m 

p e r t u r b a t i o n   v e l o c i t y   p o t e n t i a l ,  m /s 

2 

2 

rotor   blade  azimuth  angle ,   measured  f rom downwind d i r e c t i o n ,  
deg 

angu la r   f r equency   o f   o sc i l l a t ion ,   r ad l s  

p i tch   na tura l   f requency ,   rad /s  



Subscripts :  

b 

d 

L 

lam 

R 

S 

t 

turb 

U 

p o i n t  a t  which  pressure  recovery  begins   in   viscous  mixing 
reg ion  

dead-air   region 

lower  surface of a i r f o i l  

laminar 

point   of   reat tachment  of t u r b u l e n t   s h e a r   l a y e r  

s epa ra t ion   po in t  

t r a n s i t i o n   p o i n t  

tu rbulen t  

uppe r   su r f ace   o f   a i r fo i l  

f r e e  stream 
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STALL MECHANISMS AND FLOW  ELEMENTS 

The  mechanisms  of s ta l l  onse t  are extremely  complex  and  depend  on many 
parameters,  including  Reynolds number, Mach number, leading-edge  radius,   thick- 
ness ,  camber,  sweep,  and the   p re s su res  imposed  by  unsteady  motion. It is 
genera l ly   accepted   tha t  a g i v e n   a i r f o i l   i n   s t e a d y   f l o w  stalls i n  one   o f   th ree  
ways (Ref. 7 ) .  The three   types   o f  s t a l l  are t ra i l ing-edge  s ta l l ,  leading-edge 
s t a l l  a n d   t h i n   a i r f o i l  stall.  Examples of   each  of   these  types are documented, 
with  measured  pressure  distr ' ibutions and  boundary-layer  profiles,   and  discussed 
i n   d e t a i l   i n  Ref. 7. 

Trail ing-edge s ta l l  is t h e  most e a s i l y   i d e n t i f i e d  of t he   t h ree   t ypes ,  
be ing   due   t o   t he   s epa ra t ion   o f   t he   t u rbu len t   boundary   l aye r   nea r   t he   t r a i l i ng  
edge.  Increasing  incidence moves the   po in t   o f   separa t ion   progess ive ly   forward  
a l o n g   t h e   a i r f o i l ,   r e s u l t i n g   i n  a g radua l   dec rease   i n  l i f t  a n d   i n c r e a s e   i n  
drag, as i n d i c a t e d   i n   F i g u r e  la. This  type  of s ta l l  genera l ly   occurs   on  rela- 
t i v e l y   t h i c k   a i r f o i l s  a t  high  Reynolds numbers. 

Leading-edge s t a l l  is re l a t ed   t o   t he   fo rma t ion   o f  a small separa t ion   bubble  
near   the  leading  edge.  A t  a f a i r l y  low inc idence ,   l aminar   separa t ion   occurs  
nea r   t he   po in t   o f  minimum p r e s s u r e  a t  the  leading  edge.  The f low  r ea t t aches  a 
s h o r t   d i s t a n c e  dovmstream  of t he   s epa ra t ion   po in t   because   o f   t r ans i t i on   f rom 
laminar   to   tu rbulen t  f101-7 i n   t h e   f r e e   s h e a r   l a y e r   w i t h   s u b s e q u e n t   t u r b u l e n t  
mixing  and  reattachment. A s  the   angle   o f   a t tack   increases ,   the   bubble  moves 
c l o s e r   t o   t h e   l e a d i n g   e d g e ,   g r o w   s l i g h t l y   s h o r t e r   a n d  somewhat t h i c k e r .  The 
bubble  has  almost no effect on   in tegra ted   loads ,   because  i t  is never more than 
a fet7 percent  of t h e   c h o r d   i n   l e n g t h .  A t  some ang le   o f   a t t ack ,   t he   bubb le  
bu r s t s   and   t he   f l ow  sepa ra t e s   f rom  the   en t i r e   uppe r   su r f ace   o f   t he   a i r fo i l ,  
r e s u l t i n g   i n  a sudden loss i n   l i f t ,  as i n d i c a t e d   i n   F i g u r e  lb. The p r e c i s e  
reason   for   the   burs t ing   o f   the   l aminar   bubble   has   been   the   subjec t  of consider- 
ab le   cont roversy .   There   have   been   cor re la t ions   a t tempted   wi th   bubble   l ength  
and  with  boundary-layer momentum th ickness  a t  the  point ,   of   laminar   separat ion,  
with l i t t l e  success.   There is a s t rong   i nd ica t ion ,   t hough ,   t ha t   t he re  is some 
maximum amount of   pressure  recovery  which  can  occur   in . the  turbulent   mixing 
zone  and still  a11ov7 reattachment,  and a t  some incidence  the  required  recovery 
exceeds   t h i s  maximum, causing  sudden  'separation. A thorough  and  well-ordered 
d iscuss ion   of   the   var ious   theor ies   and   ev idence   re la ted   to   l ead ing-edge  s ta l l  
is  g iven   in   Ref .  8. 

Thin-a i r fo i l  s t a l l ,  which  occurs a t  r e l a t i v e l y  low  Reynolds  numbers  on 
t h i n   a i r f o i l s ,  is character ized  by  the  appearance  of  a laminar bclbble spring- 
ing  from  the  leading  edge a t  a r e l a t i v e l y  l o p 7  incidence.   Unlike  the  bubble  
formed pr ior   to   l ead ing-edge  stall ,  i t s  poin t   o f   separa t ion   remains   f ixed   wi th  
increasing  incidence  while   the  bubble  grows p rogres s ive ly   l a rge r .  The processes  
of bubble  formation  and  reattachment are not  well understood  (Ref. 8). The re- 
s u l t i n g   l i f t   c u r v e  is as ske tched   i n   F igu re  IC. Because of t he   unce r t a in ty  as 
t o   t h e   p r e c i s e  mechanism o f   t h i n - a i r f o i l  s ta l l  and i t s  r e l a t i v e l y   i n f r e q u e n t  
occurrence,  i t  was dec ided   no t   t o   a t t empt   t o  model t h e   t h i n - a i r f o i l  s t a l l  
mechanism.  Elements necessary   to   account   for   bo th   l ead ing-edge   and   t ra i l ing-  
edge s ta l l  have  been  represented  in   the  method,  however. 
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Angle of attack 

a Trail ing - edge stal l  

Angle of  attack 

b Leading  -edge  stal l  

Angle of attack 

c Thin-  airfoil  stall 

Figure 1 THE  THREE TYPES OF AIRFOIL  STALL 
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The primary  f low  elements  of  unsteady  leading-edge  or  trail ing-edge s t a l l  
of a two-dimensional a i r f o i l  can b e   s p e c i f i c a l l y   i d e n t i f i e d ,  as i n d i c a t e d   i n  
Figure 2. When the   f l ow is a t tached   (F igure   2a) ,   the  f101.7 elements are: 
(1) a laminar   boundary   l ayer   ex tending   f rom  the   s tagnat ion   po in t   over   the  
leading  edge;  (2) a leading-edge   separa t ion   bubble   ( i f   separa t ion   occurs   p r ior  
t o   t r a n s i t i o n ) ;   ( 3 )  a turbulent   boundary  layer   f rom  the  reat tachment   point  of 
t he   l ead ing -edge   bubb le   (o r   t he   t r ans i t i on   po in t )   t o   t he   t r a i l i ng   edge ;   and  
( 4 )  a p o t e n t i a l   f l o w   o v e r   t h e   a i r f o i l ,   i n c l u d i n g   t h e   e f f e c t s   o f  a v o r t i c a l  
wake g e n e r a t e d   b y   t h e   v a r i a t i o n   i n  time o f   t h e   c i r c u l a t i o n   a b o u t   t h e   a i r f o i l .  
I f   t he   a i r fo i l   unde rgoes   l ead ing -edge  s t a l l  (Figure  2b),   the  f low  elements 
are: (1) a laminar   boundary   l ayer   to   the   po in t   o f   separa t ion ;   (2)  a laminar 
c o n s t a n t - p r e s s u r e   s h e a r   l a y e r   t o   t h e   p o i n t   o f   t r a n s i t i o n ;  (3) a turbulen t  
cons tan t -pressure   shear   l ayer ;  ( 4 )  a turbulent   pressure-recovery  region;   and 
(5) a p o t e n t i a l   f l o w   o v e r   t h e   a i r f o i l  and   ex te rna l   t o   t he   v i scous   mix ing  
region,   again  including a v o r t i c a l  wake. I f   t r a i l i ng -edge  s t a l l  occurs  (Fig- 
ure   2c) ,   the   f low  e lements  are: (1)   the  laminar   boundary  layer ;   (2)   the  lead-  
ing-edge  bubble ( i f   l a m i n a r   s e p a r a t i o n   o c c u r s   p r i o r   t o   t r a n s i t i o n ) ;  (3) t h e  
turbulent   boundary  layer ;  ( 4 )  a turbulen t   cons tan t -pressure   shear   l ayer ;  (5) a 
turbulent   pressure-recovery  region;   and ( 6 )  a p o t e n t i a l   f l o w   w i t h   v o r t i c a l  wake. 

It t7as f e l t   t h a t ,   w i t h   t h e   a n a l y t i c a l   t o o l s  a t  hand, a p r a c t i c a l  method 
could  not  be  developed  which  precisely modeled  each  of  these  flow  elements. 
T h e r e f o r e ,   q u a n t i t a t i v e   c a p a b i l i t y  ~-7as s a c r i f i c e d  where approximations  could 
b e  made whi le  s t i l l  r e t a i n i n g   e s s e n t i a l   q u a l i t a t i v e   f e a t u r e s  of the   f low.  
Specif ical ly ,   approximations were employed i n  model ing   the   po ten t ia l   f low,   the  
viscous  mixing  regions  and  the  leading-edge  bubble.  The p o t e n t i a l   f l o w  i s  
der ived  f rom  l inear ized  boundary  condi t ions.  The viscous  mixing  regions  and 
the  leading-edge  bubble are analyzed  assuming  quasi-steady  flow. Also, i n t e r -  
ac t ions   o f   the   dead-a i r   reg ion   wi th   the   inv isc id   f low are on ly   i nd i r ec t ly   t aken  
in to   account .  On the   o ther   hand ,  it could  not  be  determined a p r i o r i  what 
approximations  vould  be  permissible   in   computing  the  f low  in   the  boundary 
l a y e r s ,  so  a complete  second-order,   unsteady  f inite-difference method has  been 
developed  to   analyze  the  boundary  layers .  The formulat ions  used  to   represent  
the  f low  e lements  are g i v e n   i n   t h e   n e x t   s e c t i o n .  
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1. Laminar boundary layer 

2. Leadingedge bubble 

3. Turbulent  boundary layer 

4. Airfoil and vortex wake 

a. Attached flow 

1. Laminar  boundary  layer 

2. Laminar mixing region 

3. Turbulent  mixing region 

4. Turbulent reattachment  region 

5. Airfoil and vortex wake 

b. Leadingedge stall 

1. Laminar boundary layer 

2. Leadingedge bubble 

3. Turbulent  boundary layer 

4. Turbulent  mixing region 

5. Turbulent  reattachment region 

6. Airfoil and vortex wake 

c. Trailingedge stall 

Figure 2 FLOW ELEMENTS 
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REPRESENTATIONS  OF  FLOW ELEMENTS 

Given   t he   a i r fo i l   s ec t ion   cha rac t e r i s t i c s   and   mo t ions ,   t oge the r   w i th   t he  
d i s t r i b u t i o n  o f   p r e s s u r e   i n   t h e   d e a d - a i r   r e g i o n   i f   t h e   a i r f o i l  i s  s t a l l e d ,   t h e  
f low  and  pressure  over   the  a i r foi l   must   be  determined  in   order   to  compute t h e  
integrated  load  and  analyze  the  boundary  layer .  The problem is  formulated as 
f 0 1 ~ 0 ~ s .  

Cons ide r   an   a i r fo i l   o f   i n f in i t e   span  and  chord 2b s u b j e c t e d   t o  a uniform, 
incompress ib le   f ree  stream of  magnitude U ( t ) ,  as i n d i c a t e d   i n   F i g u r e  3. Let  
B (t ) and 'h (t ) denote   the   p i tch   angle   and   p lunging  rate o f   t h e   a i r f o i l ,  as 
shotm i n   F i g u r e  3. Further ,  l e t  camber  and t h i c k n e s s   d i s t r i b u t i o n s  C (x) and 
T (x) , respectively,   be  defined  by 

where Yu and YL are t h e   o r d i n a t e s  of the   upper   and   lower   a i r fo i l   sur faces ,  
respect ively,   measured  f rom  the  chord  l ine.  

Only t h e  problem  of a s t a l l e d   a i r f o i l  need  be  considered,  because the 
so lu t ion   fo r   a t t ached   f l ow is  readi ly   recovered  as a s p e c i a l  case. The co- 
ordinates   of   the   separat ion  and  reat tachment   points   and  the  prescr ibed  pres-  
sure   between  those  points  are denoted x and p , respec t ive ly .  

s ' xR d 

It is  assumed a t  th i s   po in t   t ha t   pe r tu rba t ions   t o   t he   f l ow  caused   by   t he  
a i r f o i l  are small compared to   t he   f r ee - s t r eam  speed ,  so that  second-order quan- 
t i t ies are negl igible   and  boundary  condi t ions  can  be imposed  on t h e  x-axis. 
This  assumption,  which  forms  the  basis  of classical t h i n - a i r f o i l   t h e o r y  
(Ref. 9), i s  c l ea r ly   ques t ionab le  a t  a n g l e s   o f   a t t a c k   s u f f i c i e n t   t o   c a u s e  
s ta l l .  However, t h e   s o l u t i o n  so obtained will .s t i l l  retain t h e   e s s e n t i a l  
qua l i t a t ive   f ea tu re s   o f   t he   phys i ca l   f l ow.   Tha t  is, t h e  computed p r e s s u r e  
d i s t r i b u t i o n  will depend  on t h e  imposed  boundary  conditions, as derived  from 
the   fo i l   mo t ions ,   i n   app rox ima te ly   t he  same v7ay as does   t he   ac tua l   p re s su re  
d i s t r i b u t i o n .  A t  t h e  same t i m e ,  t he   so lu t ion   o f   t he   l i nea r i zed   p rob lem i s  
much more r e a d i l y   i n c o r p o r a t e d   i n  a large  digital-computer  program  than would 
be   the   so lu t ion   of   the   exac t   nonl inear   p roblem.  

Thus, l e t  u (x , y , t ) and v (x, y , t ) denote components  of t h e  f101.7 per tur-  
b a t i o n   i n   t h e  x and y d i r ec t ions ,   r e spec t ive ly ,   and  l e t  p (x , y , t ) denote   the  
pressure.  The  boundary  condi t ions  which  must   be  sat isf ied,   for  XR > b , are 
then  given by: 
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v(x,O-,  t >  = & UT’- w , - b < x < x s ;  
+ 

v ( x , O - ,  t )  = - U T ” W ,  xs < x  < b ;  

p (x, 0’9 t >  = pd (x, t )  xs 2 x 5 b ;  
+ - 

p ( x ,  0 s t )  = pd (x, t > ,  b < X < X R .  

trh er e 
= U ( 8  -c ’ )  + h + (x-aab)Op P 

and s i m i l a r l y   f o r   t h e   c a s e   w i t h  xR < b .  

The (+) and (-) s igns   a f f ixed   to   the   zero   a rguments   des igna te   the   s ign   of  y i n  
t h e  l i m i t  y - 0. It i s  f u r t h e r   r e q u i r e d   t h a t   t h e  f1o.t.r be  continuous a t  t h e  
t r a i l i ng   edge   ( t he   Ku t t a   cond i t ion )  and a t  the   s epa ra t ion   po in t .  

Assuming t h e  flow i s  i r r o t a t i o n a l ,  a p e r t u r b a t i o n   v e l o c i t y   p o t e n t i a l  4 can 
be  formulated by d i s t r i b u t i n g   s o u r c e  and vo r t ex   s ingu la r i t i e s   on   t he   x -ax i s :  

where x0 marks t h e   l o c a t i o n  of t h e   s t a r t i n g   v o r t e x .  It is convenient   to  
separate out   th ickness   e f fec ts .  Thus, l e t  

u0 (X, t )  = ZUT‘ ,   -b  5 X <X, 

2 0 ,  XR < x  (xo. 

Also ,   t he   vo r t ex   s t r eng th   fo r  x > b  is known i n  terms of t h e   s t r e n g t h  on t h e  air- 
f o i l ,  through  conservation of c i r c u l a t i o n :  

b 
1 d  

U dt 
y (b,  t )  = - - - y (x, t ) d x  

and t h e   v o r t i c i t y  downstream of t h e   t r a i l i n g   e d g e  is convected a t  the   i n s t an -  
t aneous   f r ee - s t r eam  speed   ( t o   f i r s t   o rde r ) ,   r e t a in ing   t he   s t r eng th  it had  upon 
formation a t  t h e   t r a i l i n g  edge, as prescr ibed  by Eq. (1). 
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With t h e   p o t e n t i a l   f o r m u l a t e d   i n   t h i s  way, t h e  two unknown func t ions   a r e  
the   vo r t ex   s t r eng th  y o n   t h e   i n t e r v a l  (-by b ) and the   sou rce   s t r eng th  u over 
t h e   i n t e r v a l  ( % , x R  ). The boundary   condi t ions ,   wr i t ten   in  terms of t h e s e  
two func t ions ,  are found  to   be  ( for  x > b ) .  

R 



J 
xs '- b 

The Cauchy p r i n c i p a l   v a l u e  is t a k e n   f o r   t h e   s i n g u l a r   i n t e g r a l s .  A s u b s c r i p t  
w has   been   a f f ixed   to  y f o r  x > b t o   i n d i c a t e   t h a t  it is known i n  terms of y f o r  
x <b. 

Equations (2) through (5) were solved  by first c a s t i n g  y i n  series form, 
with unknovm c o e f f i c i e n t s ,  and taking u (with a s i n g u l a r  term s u b t r a c t e d )   t o  
vary   l inear ly   be tween  prescr ibed   po in ts   on  the x -ax i s ,   t he   va lue  of u a t  each 
of   those  points   being unknown. Equations (2) through (5) provided  the rela- 
t ions   needed   t o   so lve   fo r   t he  unknown c o e f f i c i e n t s  and the   va lues   o f  u . 

This   p rocedure   requi red   tha t   the   func t iona l  form of y a n d o ,  i.e., t h e  
loca t ions   and   t ypes   o f   s ingu la r i t i e s ,  first be  determined.  For  that   purpose,  
a n   a n a l y t i c a l   s o l u t i o n  was d e r i v e d   f o r   t h e  case of  steady f101-7 about a stalled 
f l a t  p l a t e   w i th   cons t an t   p re s su re  i n  the   dead-a i r   reg ion .  The d e r i v a t i o n  i s  
o u t l i n e d   i n  Appendix A. 

The s o l u t i o n   f o r   s t e a d y  flow, as g i v e n   i n  Appendix A, shows, f i r s t ,   t h a t  , 
i f  XR is g rea t e r   t han  b , y h a s   t h e  same funct iona l   form as for   a t tached   f low,  
i.e. , y has a squa re - roo t   s ingu la r i ty  a t  the  leading  edge  and i s  continuous 
a t  both x = xs and x = b. I f  xR is less t h a n  b , however, y has  a square-root 
s ingular i ty   on   the   do tmst ream  s ide   o f  X = xR. Furthermore,   regardless   of   the  
va lue  o f x R  , u i s  zero a t  x = xsand  has a square- root   s ingular i ty  a t  x = xR 

. (necessar i ly   on   the   ups t ream  s ide) .  
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Thus, y w a s  t aken   t o   be   o f   t he   fo rm 

n = l  

XR 
+ AR (1 + 7 

b x - x  R 

where COS 8 = x/b , U, is a r e f e r e n c e   v e l o c i t y   a n d   t h e   c o e f f i c i e n t s  A, through 
A y  and AR are funct ions  of  time. The term w i t h   t h e   f a c t o r  AR is dropped i f  
e i t h e r  xR 2 b o r  X < X R .  The f ac to r s   i nvo lv ing  X i n   t h e  las t  two terms make 
Eq. ( 6 )  s a t i s f y  Eq. (1) i d e n t i c a l l y ,  as c a n   b e   v e r i f i e d  by d i r e c t   s u b s t i t u t i o n .  

Y 

The form of o was defined  by first d i v i d i n g   t h e   i n t e r v a l  ( x s ,  xR) i n t o  
N o  segments  with end p o i n t s  x given  by 

oi r 

i = 1 , 2 ,  . - . ,  No + 1 ;  

whereupon 

XUi s x s x " i + I  

( B 1  = BN I 0) 
o + l  

where  the B i y s  are unknown funct ions  of  time. 

The c o e f f i c i e n t  AR i n  y , which is  one  of  the unknowns when xR < b , i s  i n  
fact  p r o p o r t i o n a l   t o  B o .  I f  E q s .  ( 6 )  and (7) are s u b s t i t u t e d   i n  Eq.  (3) and 
t h e  l i m i t  X -f xR is  taken, i t  is  f o u n d   t h a t   t h e   r e s u l t   c a n   o n l y   b e   f i n i t e  a t  
x = xR (which i t  c l e a r l y  must  be) i f  
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Thus, t h e r e  are j u s t  Nu + Ny + 1 q u a n t i t i e s   t o   b e   d e t e r m i n e d  a t  a g iven   i n s t an t  
t o   comple t e ly   de f ine   t he   f l ow  and   l oad ing   on   t he   a i r fo i l ,  

A set of l i n e a r   a l g e b r a i c   e q u a t i o n s  was derived,   using Eqs. (2) through 
(5), t o   p rov ide   t he   r e l a t ions   needed   t o   so lve   fo r   t he  unknotms. S p e c i f i c a l l y ,  
a f t e r   s u b s t i t u t i n g  Eqs. (6)  and (7) f o r  .y and u ,  r e s p e c t i v e l y ,   t h e  f101.7- 
tangency  boundary  condition (Eqs. (2) and (3) )  v7as imposed a t  p o i n t s  x , where 

"n 

and  the  pressure  boundary  condi t ion (Eqs. ( 4 )  and (5)) t7as imposed a t  p o i n t s  
X , where 
- 

On 

The r e s u l t i n g   l i n e a r   a l g e b r a i c   e q u a t i o n s  are of the   form 

Equations (8a) were derived  from Eqs. (2) and (3) , and Eqs.  (8b)  from Eqs. ( 4 )  
and (5). The express ions   ob ta ined   for   the   coef f ic ien ts   and  inhomogeneous terms 
of Eqs. (8a)  and  (8b) are g i v e n   i n  Appendix B. In   the  development  of those  
r e l a t i o n s ,  a number of  assumptions  and  approximations were required.  

Derivatives w i t h   r e s p e c t   t o  time i n  Eqs. (2) through (5) were approximated 
by  second-order f in i t e   d i f f e rences .   G iven   t he   va lue   o f ,   s ay ,  A, a t  times e ,  
t - A t  and t - 2 A t ,  the r e l a t i o n  

3 A, (t) - 4 A,, (t - A t )  + A, ( t  - 2 A t )  
io (t) = 

2 A t  + O ( ( A t > 2 >  

was u t i l i z e d ,   a n d   s i m i l a r l y   f o r   t h e   o t h e r   r e q u i r e d  time d e r i v a t i v e s .  
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Thickness  and camber d i s t r i b u t i o n s  were represented  by  tr igonometric series 
so  t h e   i n t e g r a l s   i n  which  those  funct ions  appear   could  be  evaluated  analyt ical ly .  
S p e c i f i c a l l y ,  T and C were w r i t t e n   i n   t h e   f o r m  

T 
" - ( 1  -cos  e )  tn sin n 8 

Tmax 
n = l  

C 
" - s i n  8 cn sin n 0 
Cmax 

n =  1 

where c o s  e = x / b  and Tma, and C,, are t h e  maximums of T and C , respec t ive ly .  
It was found  that ,   us ing 24 terms, t h e s e  series approximated   the   ac tua l   o f fse t s  
of conventional NACA sec t ions   to   wi th in   one   percent   (about  .1 percent  of  chord) 
over  the  whole  chord. The c o e f f i c i e n t s  t n  and cn are computed  from 

2 T ( e )  sin n 0  
tn = d B  

Tmax 1 - cos e 

2 c ( 0 )  sin n 8 
cn = d 0  

n Cmax sin 8 

The wake dormwash in t eg ra l s   appea r ing   on   t he   r i gh t -hand   s ide   o f  Eqs. (2) 
and (3) were evaluated by f i r s t   s p e c i f y i n g   t h a t   t h e   v a l u e  of y,be  known a t  
d i s c r e t e   p o i n t s   a l o n g   t h e  x-axis, wi th   the   po in ts   spaced  a t  a d is tance   cor -  
responding t o   t h e  time increment A t  u s e d   f o r   i n t e g r a t i o n  i n  time. The s t r e n g t h  
a t  each  point  is obtained as follows. Numbering t h e  wake points   f rom 1 t o  N, 
(N, i n c r e a s e s  by one   a f t e r   each  time s t ep ) ,   w i th   po in t  1 a t  t h e   t r a i l i n g   e d g e  
and  point  Nw a t  x = x0 , then y ( t )  is computed from Eq. (11, using a second- 

o rde r   f i n i t e -d i f f e rence   approx ima t ion   fo r   t he  time de r iva t ive ,   wh i l e  yw (t) = 

'Wn - 1 
l inear ly   be tween  the   des igna ted   po in ts  a t  which y, is  known. Note t h a t   t h e  
wake downwash i n t e g r a l   c o n t a i n s  a term involving unknown c o e f f i c i e n t s  A (t) 
and A l ( t )  which   mus t   be   t aken   in to   account   in   the   express ions   for  amo and ami. 

n 
( t - A t )  f o r  n = 2, 3, .. ., Nw. The v o r t e x   s t r e n g t h  is assumed t o   v a r y  

0 
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The so lu t ion   o f  Eqs. (8a) and  (8b),  which is obtained  by a simple  elimina- 
t i o n  scheme, provides   the   quant i t ies   needed   to   eva lua te   the   p ressure   and   f low 
a t  t h e   a i r f o i l   s u r f a c e .  To f i r s t   o r d e r ,   t h e   f l o w  a t  t h e   s u r f a c e  is equa l   t o  
U + u , and 

This   expression  c lear ly   cannot   be  used  to   def ine  the f101-7 e x t e r n a l   t o   t h e  
boundary  layer,   because y is i n f i n i t e  a t  the   l ead ing   edge .   Th i s   d i f f i cu l ty  
v7as resolved  by  employing a co r rec t ion   f ac to r   de r ived   by   L igh th i l l   (Re f .   10 )  
which makes t h e   f i r s t - o r d e r   s o l u t i o n   u n i f o r m l y   v a l i d   o v e r   t h e   w h o l e   a i r f o i l  
s u r f a c e .   S p e c i f i c a l l y ,   i f  qe denotes   the  f10t7 a t  the   sur face ,   def ined   pos i -  
t ive  i n   t h e   c l o c k w i s e   s e n s e  as viewed i n   F i g u r e  3, t h e   L i g h t h i l l   r e s u l t   g i v e s ,  
i n   t h e   n o t a t i o n  of t h i s   r e p o r t ,  

where ro is the  leading-edge  radius   and  the (+) and (-) s i g n s   a p p l y   t o   t h e  
upper  and l O F 7 e r  su r f aces ,   r e spec t ive ly .   No te   t ha t   s ince  re i s  o f   o rde r  T,=, 2 

qe d i f f e r s  from +(U+u) by  an amount  which is  of  second  order  except i n   t h e  
immedia te   v ic in i ty   o f   the   l ead ing   edge ,   and   tha t  q, i s  f i n i t e  a t  t h e   l e a d i n g  
edge. The co r re spond ing   expres s ion   fo r   t he   p re s su re   coe f f i c i en t ,   ob ta ined  
f rom  the   l inear ized   Bernoul l i   equa t ion   and  Eq. (11) , i s  

E x p l i c i t   r e l a t i o n s   f o r  qe and c ob ta ined   by   subs t i t u t ing  Eqs. (6), (7) 
and (9) i n  Eqs. (11)  and  (12), are g l v e n   i n  Appendix B. S i m i l a r  expressions 
f o r   l i f t  and moment coef f ic ien ts   can   be   deve loped .  However, t h o s e   c o e f f i c i e n t s  
are more readi ly   eva lua ted   by   numer ica l ly   in tegra t ing  c so  e x p l i c i t   e x p r e s s i o n s  
were not   der ived.  

E' 

P' 
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Boundary Layer 

Because t h e  relative importance of the  individual  elements  of  the  boundary- 
l aye r   f l ow as t h e y   a f f e c t  dynamic s ta l l  could  not   be  es tabl ished  in   advance,   the  
representat ion  of   the  boundary  layer  was made as genera l  as p o s s i b l e   t o   e n s u r e  
t h a t   t h e   e f f e c t s  of a l l  essent ia l   e lements  were taken  into  account .  The  method 
of f i n i t e   d i f f e r e n c e s ,   r a t h e r   t h a n   a n   i n t e g r a l  method, w a s  s e l e c t e d .   f o r   t h e  
a n a l y s i s  of both laminar and  turbulent  boundary  layers  because  accuracy  and com- 
puter   requirements  are read i ly   con t ro l l ed  and the  s impler   formulat ion  a l lowed 
r a p i d   i n i t i a l  check-out  of  computer  coding.  The  Smith-Cebeci  eddy-viscosity 
model  (Ref. ll), which  has  given good r e s u l t s   f o r  a wide  range of Reynolds 
numbers  and var ious   types  of p r e s s u r e   d i s t r i b u t i o n ,  w a s  chosen   to   represent  
the   tu rbulen t   shear .  

The boundary-layer  equations were cas t   i n   t he   fo l lowing   d imens ion le s s  form 
f o r   t h e  cases of  both laminar and turbulent   f low: 

a% dqs  a% aF a (13 1 

a% (14 1 
a s  

"s,, dF I 877 as 
+ q  - = - -  

- + - =  

Phys ica l   quan t i t i e s  relate to   t he   va r i ab le s   i n   t he   above   equa t ions  as follows. 
The flow component p a r a l l e l   t o   t h e   s u r f a c e  is Uogs ,  the   f low component normal 
t o   t h e   s u r f a c e  i s  U, q,,/@b, where Reb i s  Reynolds number based  on  semichord, 
time is bT/U, , dis tance   a long   the   sur face  i s  b s ,  dis tance   normal   to   the   sur face  
is  b q / q a n d  pressure  i s  pu,*p. For  laminar  flow, Ve = 1 and f o r   t u r b u l e n t  
flow 

where v is  k inemat i c   v i scos i ty  and c i s  eddy v i s c o s i t y .   I n  terms of t h e  
var iab les   def ined   above  (see Ref.  11) 

where 
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and 

where 

while  6 is the   va lue   o f  77 a t  which q = .995 qe/Uo and T ] ~  i s  t h e   v a l u e   o f  7 a t  
I*rhich 5 = To . S 

The  method  employs v a r i a b l e   s t e p   s i z e   i n   b o t h   t h e  s and 77 d i r e c t i o n s .  
F in i t e -d i f f e rence   approx ima t ions   fo r   t he   de r iva t ives   appea r ing   i n  Eq. (13) 
were derived  from  Taylor series. The e r ro r   i n   each   approx ima t ion  is of t h e  
o rde r   o f   t he   squa re   o f   t he   s t ep   s i ze .  The d i f f e r e n c e s  were formula ted   to  
allow  computation  of  the  f low a t  time t and  streamwise  coordinate sm+1 given 
the   f low a t  times t- A t  and t - 2 A t  a t  a l l  streamwise  coordinates and the   f l ow 
a t  streamwise coordinates  sm and sm-1 f o r  time t . The f in i t e -d i f f e rence   approx i -  
mat ions  used  for  d q s / & ,  aqs/as , aqS/arl , a2qs/a,,2 and a;/as are given i n  
Appendix C. 

The s o l u t i o n   f o r   t h e   f l o w  a t  sm+1 is obtained by i t e r a t i o n .   F o r   t h e   f i r s t  
i t e r a t i o n ,   t h e   d i f f e r e n c e   e q u a t i o n s  are l inear ized  by  employing  the  fol lowing 
approximate  re la t ions:  

where dn e n  and fn are d e f i n e d   i n  Appendix C and 
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For  the  second  and  succeeding  i terat ions,   the   values  computed.ain the   p rev ious  
i t e r a t i o n  are employed i n   p l a c e  of the   above   ex t rapola t ions .  

S u b s t i t u t i o n   o f   t h e   f i n i t e - d i f f e r e n c e   a p p r o x i m a t i o n s   i n  Eq. (13)  then 
y i e l d s  a set of l inear   a lgebra ic   equa t ions   o f   the   form 

n = 2 , 3 , . . - ,  N T - 1  

where   t he   coe f f i c i en t s  yn through Zn and yn only   involve   f low  quant i t ives  com- 
puted a t  s, and s,- a t  time t and a t  sm+1 a t  previous t i m e  s t eps .   Af t e r  
s e t t i n g  q equal   to   zero  and and q 

Eqs. (15) are read i ly   so lved  by successive  elimination.  Equation  (14)  can  then 
be  used  to  compute g , from 

S m + l  , 1 'm+l  , N? 'm+1, Nt7+ 1 'm+l  
equa l   t o  q /u, , 

I 

using a trapezoidal  approximation. 

The a forement ioned   i t e ra t ion   uses  w a l l  shear  as t h e   c r i t e r i o n   f o r  con- 
ve rgence ,   t he   a l lowab le   e r ro r   be ing  .1 percent .  A maximum of f i v e   i t e r a t i o n s  
is allowed a t  each s s t a t i o n .  Some d i f f i c u l t y  with convergence was encountered 
under extreme conditions.   This  problem w a s  resolved  by  smoothing  the eddy 
v i s c o s i t y   v a r i a t i o n   w i t h  77, as was  done i n  Ref. 11. After  T is computed, i ts 
v a l u e  is  replaced by t h e  mean o f   t he   va lues  a t  th ree   ad jacen t   po in t s .  

The g r i d   i n   t h e  T )  d i r e c t i o n  is computed from a geometric  progression 
similar i n  form to   t he   one   u sed   i n   Re f .  11. Given  values  of r and 772 (771 =- 01, 
7 is computed  from 77 

n 

A t  a g iven   i n s t an t ,   t he   boundary   l aye r   t h i ckness  a t  the   t r a i l i ng   edge   can   be  
an order   of   magni tude  larger   than a t  t h e   s t a g n a t i o n   p o i n t .  To accura te ly  com- 
pu te   t he   f l ow a t  these  extremes  with a s i n g l e   g r i d   i n   t h e  77 d i r e c t i o n  would 
r e q u i r e  several hundred mesh p o i n t s   i n   t h a t   c o o r d i n a t e .  About two hundred 
p o i n t s  are needed i n   t h e   s - d i r e c t i o n   f o r  a t y p i c a l   a i r f o i l .  Thus, a n  
i n o r d i n a t e  amount of  computer  storage would then  be  required,   because  the 
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v a l u e  of qs a t  every mesh p o i n t   f o r  two t i m e  s t e p s  must be   s tored .   Therefore ,  
i t  was decided  to  make t h e  71-scale v a r i a b l e .   I f ,  upon  completion  of  the  flov 
computation,  the  boundary-layer  thickness 8 exceeds VN r i s  increased  by 

a set amount, a new, expanded ?-scale i s  computed  and t h e   f l o w   q u a n t i t i e s  a t  
t h e  nev7 mesh p o i n t s  are assigned by i n t e r p o l a t i o n .  The v a r i a t i o n  of t h e  
i n t e r p o l a t e d   q u a n t i t i e s  i s  smoothed  by  three-point  averaging,  and  computations 
proceed as before.  The value  of r q  is s t o r e d   w i t h   t h e  fl0W q u a n t i t i e s  s o  t h e  
boundary-layer   prof i le   can  be  reconstructed when needed. It should  be  noted 
t h a t   t h e   v a l u e  of T~ i s  not  changed when t h e  71-scale is expanded.  This i s  
necessary   to   avoid   numer ica l   ins tab i l i ty .   Us ing   the   var iab le  71-scale, only 
about 75 p o i n t s  are needed i n   t h e v - d i r e c t i o n .  

1 - 2 ,  71 

Separat ion i s  taken  to   occur  a t  t h e   p o i n t  a t  which  the wall shear   vanishes .  
This   point  must be   l oca t ed   by   ex t r apo la t ion   r a the r   t han   i n t e rpp la t ion ,   because  
t h e   i t e r a t i o n   u s u a l l y   f a i l s   t o   c o n v e r g e  downstream of t h e   s e p a r a t i o n   p o i n t .  

The computation is  i n i t i a t e d  a t  each   i n s t an t   u s ing   t he  Hiemenz s tagnat ion-  
p o i n t   p r o f i l e  (Ref. 12) .  The turbulent  boundary  layer  dotmstream  of  reattach- 
ment of a leading-edge  bubble is  s t a r t ed   f rom  an   equ i l ib r ium  p ro f i l e   w i th  a 
small bu t   f i n i t e   shea r ,   t aken   f rom  Ref .  13, matching  the computed displacement 
th i ckness   w i th   t ha t   o f   t he   equ i l ib r ium  p ro f i l e .  

In   the   ana lys i s   o f   the   l aminar   boundary   l ayer ,   the   so lu t ion  a t  each s, i s  
used  to   determine  whether   t ransi t ion  occurs ,   account ing  for   the  effects   of   f ree-  
s t ream  turbulence and pressure   g rad ien t .  The following  formula,  which is  a 
modif icat ion  of  a r e su l t   g iven   i n   Re f .   14 ,  is used   to  compute t r a n s i t i o n  
Reynolds number Re * 

atr 

2 
2 

3.6 (%) Re st r + fp (A) Restr - 9860 = 0 

where U' is  t h e  root-mean-square  f luctuat ion  of   the free stream  due  to  turbu- 
lence,  A is  t h e  Karman-Pohlhausen pressure-gradient  parameter,h = - (62 p/d d/ 
Pqe,  and is t h e  maximum Reynolds number, based  on  boundary  layer  thick- 

nes s   and   l oca l   ex t e rna l   f l o t7 ,   fo r   wh ich   t he   f l oa   r ema ins   l amina r .  The func t ion  
f p  (A) , p l o t t e d   i n   F i g u r e   4 ,  vas der ived   f rom  da ta   g iven   in  R e f .  12 p e r t a i n i n g  
t o   t h e   e f f e c t s  of   pressure  gradient  on t r ans i t i on ,   s t a r t i ng   f rom  the   p lo t   o f  
Re6; vs. A (Figure 17 .3  of  Ref. 12 )  , where Rear i s  Reynolds number based  on 

displacement  thickness a t  t h e   p o i n t  of  i n s t a b i l i t y .   U s i n g   t h e  Karman-Pohlhausen 
i-ntegral  method and   t he   p lo t   o f  Reetr-Reeivs. mean pressure  gradient   parameter  
K (Figure 17.9 of  Ref. 12), where Re and Reo. are Reynolds numbers based  on 

mome_ntum thickness  8 a t  t h e   p o i n t s  of t r a n s i t i o n  and i n s t a b i l i t y ,   r e s p e c t i v e l y ,  
and K i s  the   i n t eg ra l   ave rage   o f  - (@a p/dx)/pqe , Reatr was computed as a func- 

t i o n  of A and  the  curve of Figure 4 v7as constructed.  The terms of Eq. (16) 
which  account  for  free-stream  turbulence  ( i .e.  , Eq. (16) wi th  fp = 1) were 
taken  directly  from  Ref.   14.  The form  of   the terms vas derived i n  Ref.  14 
f rom  a rguments   concern ing   the   re la t ion   o f   v i scous   shear   to   t rans i t ion .  The 

Re% 

8, 1 
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r e l a t i o n   a g r e e s  well with  measured  transit ion  Reynolds number f o r  a f l a t  p l a t e .  
Similar arguments were used i n  Ref. 14 t o   d e r i v e   t h e   e f f e c t s   o f   p r e s s u r e  
g rad ien t   on   t r ans i t i on .  The r e s u l t  is an   equa t ion   o f   t he  same form as Eq. (16), 
but   with fp s imply   vary ing   l inear ly   wi th  A .  It was f e l t   t h a t   t h e   r e l a t i o n  so 
obtained was n o t   s u i t a b l e   f o r   t h e   p r o b l e m  a t  hand, i n   t h a t  i t  d id   no t   g ive  
good correlat ion  with  experiment   and  does  not   properly reflect t h e   s t a b i l i z i n g  
inf luence  of  a favorable   p ressure   g rad ien t .  The te rm  account ing   for   e f fec ts  
of p re s su re   g rad ien t  was therefore   der ived   by   the   p rocedure   p rev ious ly  
described. 

Viscous  Mixing  and  Reattachment  Regions 

For   th ree   o f   the  commonly observed   types 'o f   separa ted   f low  on   a i r fo i l s ,  
namely short   ( leading-edge)   separat ion  bubbles ,   leading  edge s t a l l  (burst  
shor t   bubble)   and   t ra i l ing   edge  s t a l l  experiments   have  demonstrated  that   the  
separa ted   shear   l ayer  is  turbulen t  a t  the   po in t   where   the   l ayer   begins  recom- 
press ing   near   rea t tachment .   In  the latter case t h e   e n t i r e   s e p a r a t e d   f l o w  is 
turbulen t   because   t rans i t ion   occurs   ups t ream  of   the   separa t ion   po in t .   In   the  
f i r s t :  two cases t h e   s h e a r   l a y e r  i s  laminar   for  a short   d is tance  dolmstream  of  
separat ion,   but   experiments  seem t o   i n d i c a t e   t h a t   t r a n s i t i o n   o c c u r s   o v e r  a 
dis tance  which i s  much smaller t h a n   e i t h e r   t h e   l e n g t h   o f   t h e   c o n s t a n t   p r e s s u r e  
mixing  region  or   the  length of t h e   f u l l y   t u r b u l e n t   r e a t t a c h i n g   s h e a r   l a y e r .  
I n   t h e s e  cases then,   the   assumption  of  a discontinuous  change  from  laminar  to 
t u r b u l e n t   f l o w   i n   t h e   s h e a r   l a y e r  seems j u s t i f i e d .  In t h e  case of t h i n  air- 
f o i l  s ta l l  ( long   bubb les ) ,   on   t he   o the r   hand ,   t he   t r ans i t i on   p rocess   i n   t he  
shea r   l aye r   appea r s   t o   r equ i r e  a length  scale which is not  small compared t o  
t h e   b u b b l e   l e n g t h .   I n   t h i s  case reattachment may beg in   w i th   t he   l aye r  s t i l l  
i n  a t r a n s i t i o n a l  state. A meaningful  f low  model  for  reattachment  of a t r a n s i -  
t i o n a l   s h e a r   l a y e r  would be   exceed ing ly   d i f f i cu l t   t o   cons t ruc t ,  a t  least  w i t h  
p re sen t ly   ava i l ab le   expe r imen ta l   da t a ,   and ,   t he re fo re ,   t h in -a i r fo i l  s tall  will 
not   be  considered.  

Reattachment of a tu rbu len t   shea r   l aye r . -   In   t he   r ea t t achmen t   r eg ion   i n  
which  the  bubble   thickness   shr inks  to   zero  and  the streamwise pressure   g rad ien t  
i s  pos i t i ve ,   t he   s epa ra t ed   shea r   l aye r  may r e a t t a c h   o n t o   t h e   a i r f o i l   ( s h o r t  
bubble) o r   a t t a c h   o n t o   t h e   l a y e r   s h e d   f r o m   t h e   l o v e r   s u r f a c e  a t  a s t a g n a t i o n  
p o i n t   i n   t h e  wake ( leading-edge   and   t ra i l ing-edge   s ta l l s ) .   In   these   f lows  i t  
is assumed t h a t   t h e   s e p a r a t e d   t u r b u l e n t  flop7 has a wake-like  behavior  and  that  
the   equi l ibr ium  s ra l l   l ayer   usua l ly   p resent  i n  attached  turbulent  boundary 
layers   can   be   ignored .  The wall shear  stress is a l s o  assumed n e g l i g i b l e  com- 
pared  with  the  properly  normalized rate of.change  of momentum th ickness  of 
t h e   l a y e r   a n d   t h e  streamwise pressure  gradient.   These  assumptions  and  the 
a n a l y t i c a l  model  which will b e  employed here  have  been  used by Todisco  and 
Reeves (Ref.  15)  and  Hunter  and  Reeves  (Ref.  16) t o  treat  supersonic   separated 
and  reat taching  turbulent   f lot7s .  
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For   neg l ig ib l e  wall stress and  zero la teral  pressure  gradient   normal   to  
the   d iv id ing   s t reaml ine   o f   the   bubble   the  momentum i n t e g r a l  and f i r s t  moment 
of momentum equat ions are (Ref. 15) 

d6 * dH 6* due 
dx 

+ 6" + ( W + 1 )  - - H -  
dx ue dx 

2:O 

d6 * dJ dH 3J 6* due 

dH dx Ue dx J , x  
+ a * - -  + - - = KoHX 

Because J = J (H)  , E = ( H I ,  KO = KO are known p ro f i l e   func t ions   ob ta ined  
from a one-parameter   family  of   equi l ibr ium  or   self -s imilar   solut ions  the de- 
pendent   var iables  are t h e   v e l o c i t y   p r o f i l e   s h a p e   p a r a m e t e r  H = i 3 / S * ,  displace-  
ment thickness  6 *  and t h e   l o c a l   i n v i s c i d   v e l o c i t y  a t  the   edge   of   the   tu rbulen t  
l a y e r  ue. For   supersonic   separat ion  and  reat tachment  a t h i r d   d i f f e r e n t i a l  
equa t ion   i nvo lv ing   t hese   t h ree   dependen t   va r i ab le s  is obtained  by  coupling  the 
in t eg ra l   con t inu i ty   equa t ion   w i th   t he   P rand t l -Meyer   r e l a t ionsh ip  and t h i s   t h i r d  
equation  completes  the set. I n   t h e  case of   subsonic   separat ion  bubbles ,   the  
in t e rac t ion   o f   t he   s epa ra t ed   f l ow  wi th   t he   ou te r   i nv i sc id   s t r eam i s  much more 
complicated  because  of  the  absence  of a l o c a l   r e l a t i o n s h i p  between  turning  angle 
and   pressure .   In   genera l ,  a complicated  solut ion  procedure is  requi red   in   which  
the   en t i r e   bubb le   shape   mus t   be   i t e r a t ed  upon u n t i l   t h e  mixing rate i n   t h e   s h e a r  
layer   and  the  subsequent  rate of   p ressure  rise a t  reattachment are compatible 
with  the  induced  inviscid  f low  over   the  bubble .  Such a poin t  by point  matching 
is  beyond the  scope  of   this   s tudy.   Instead,   approximate  re la t ionships   between 
ce r t a in   quan t i t i e s   appea r ing   i n   t he   i n t eg ra l   equa t ions  are obtained  from  the 
well developed  theory  of   supersonic   interact ions,   and  the  matching i s  performed 
i n  terms of  only a few  parameters. 

The momentum i n t e g r a l  and f i r s t  moment can  be  rearranged  and combined t o  
g i v e   t h e   f o l l o w i n g   e x p l i c i t   r e l a t i o n s   f o r   t h e   d e r i v a t i v e s  of displacement  thick- 
ness  and i n v i s c i d   v e l o c i t y  

r 1 

These  equations are solved  using  the method of  successive  approximations. 
By f i r s t  assuming  that   reat tachment   occurs   over  a s u f f i c i e n t l y   s h o r t   s t r e a m -  
wise d i s t a n c e  (compared wi th   the   loca l   d i sp lacement   th ickness) ,  so the  second 
term on  the  RHS of t h e   f i r s t   o f   t h e s e   e q u a t i o n s  i s  neg l ig ib l e ,   one   ob ta ins  
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H 

where 
-3J + (W + 1) d J / a  

f(H) = 
J W- 1) 

and subscriptb denotes  conditions  at the beginning of the reattachment  pres- 
sure rise. Substituting this first  approximation for 6 *  into the differential 
equations  for 6 *  and ue and  integrating  gives 

Hb L J 

+ exp 

1 H d ( 7 )  
dH 
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where  subscr ipt  & denotes   condi t ions a t  the   rea t tachment   po in t   (or  wake stag- 
n a t i o n   p o i n t   i f   b u b b l e   c l o s u r e   o c c u r s   i n   t h e  wake). It is  now assumed t h a t  
t h e  streamwise rate o f   change   o f   t he   t u rbu len t   shea r   l aye r   ve loc i ty   p ro f i l e  
(or r a t h e r   t h e   i n v e r s e ,  d ( x / G R * ) / d H  is a u n i v e r s a l   f u n c t i o n   f o r  a l l  incompres- 
s ib le   tu rbulen t   rea t tachment   p rocesses .   This   func t ion  was evaluated  from 
several so lu t ions   o f   supe r son ic   r ea t t ach ing   shea r   l aye r s   w i th   t he   r e su l t s  shown 
i n   F i g u r e  5.  The v a r i a b l e s  x and ai* are the   "s t re tched"   va lues   a f te r   having  
been  transformed by a modified  Stewartson  compressibil i ty  transformation. 
Three   curves   for  (x - X R ) / ~ *  versus  H/HR f o r  Mach numbers varying  between 1.3  
and 2.2 are given  and i t  is' ev iden t   t ha t   t he   cu rves   co l l apse   i n to  a s i n g l e  
curve as t h e  Mach number i s  reduced.  Thus, i t  i s  assumed. tha t   the   curve  shown 
f o r  Me = 1.3  d e f i n e s   t h e  streamwise rate of   change   of   the   p rof i le   shape   in  a l l  
tu rbulen t   rea t tachment   p rocesses .   Values   o f   the   der iva t ive  d ( x / B R * ) / d ( H / H R )  
obtained  f rom  this   curve  and  values   of   the   prof i le   funct ion  obtained  f rom 
equi l ibr ium  turbulen t   boundary   l ayer   so lu t ions  are g iven   i n   Tab le  I. 

i R  

TABLE I 

PROFILE FUNCTIONS FOR TURBULENT SEPARATED FLOWS~ 

W H R  

0 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

1.0 

1.1 

1 . 2  

" 

83 

46 

33 

26 

22 

20 

20 

20 

21  

23 

25 

29 

0 

.18 

.28 

.37 

.46 

.54 

.62 

.70 

.79 

.89 

1.0  

1.12 

1 .24  

d - / d -  (3 
" 

1.08 

.95 

.91 

.90 

.90 

.91 

.93 

.96 

1.00 

1.04 

1.11 

1.18 

" 

2.98 

2.53 

2.23 

1.98 

1.78 

1.60 

1 .45  

1.30 

1.15 

1.00 

.86 

.72 

0 

.298 

.506 

.669 

.792 

.890 

.960 

1.015 

1.04 

1.035 

1.00 

.946 

.864 

a NOTE: HR = HS = .429, JR  = Js = .654, RR = .463, and KO = 
.05 - ,0132 ( H / H ~ ) .  Also, i t  is  convenient   to   use   the  
product RH as H + 0 r a t h e r   t h a n   b e c a u s e   i n   t h i s  l i m i t  - 
R+m but  R H - 0 .  
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Figure 5 a l s o  shows t h e   v a r i a t i o n  of (xb - xR) / aI: , b wi th  H/HR, t h a t  is, 
the  reat tachment   length  normalized by displacement  thickness a t  the  beginning 
of reat tachment   (only  the  curve  for  M = 1.3  is shown). This  curve  can  be  rep- 
r e s e n t e d   q u i t e  well by the   parabola :  

Because Hb and+,* are de termined   by   the   so lu t ion   of   the   cons tan t   p ressure  mix- 
ing   reg ion   th i s   re la t ionship   can   be   used   to   f ind   the   l ength   o f   the   rea t tachment  
region  without  having  to first compute t h e   v e l o c i t y  and  displacement  thickness 
d i s t r ibu t ions   t h rough   t he   r ea t t achmen t   r eg ion .  

The turbulent   mixing  region-   For   the  region  between  separat ion  and  the 
beginning of r ea t t achmen t   i n   t he  case of   t ra i l ing-edge s t a l l ,  and f o r   t h e  re- 
g ion   be tween  t rans i t ion   and   the   beginning   of   rea t tachment   in   the  case of 
leading-edge s t a l l ,  i t  is  assumed t h a t   t h e   p r e s s u r e  is  constant  and t h a t   t h e  
momentum i n t e g r a l  and f i r s t  moment equat ions  reduce  to   the  fol lowing:  

d 6* dH 
dx  dx 

H -  + 6*-= 0 

d8*  dJ 

dx dx 
J -  + 6*-  = K e H x  

Now, l e t  t h e   s u b s c r i p t  t denote   condi t ions a t  t h e   t r a n s i t i o n   p o i n t   i n   t h e   s h e a r  
l a y e r .   I f   t h e   l a y e r  is t u r b u l e n t  a t  the   s epa ra t ion   po in t   t hen  Ht = H,, at* = 
6,: etc. 

The s o l u t i o n   o f   t h e   f i r s t   o f   t h e s e   e q u a t i o n s  is  

a* H = 6,* H, = constant 

and s u b s t i t u t i o n   o f   t h e   f i r s t   e q u a t i o n   i n t o   t h e   s e c o n d   g i v e s  

Rea r rang ing   t h i s   exp res s ion   and   i n t eg ra t ing   f rom  the   t r ans i t i on   po in t   (o r  
s epa ra t ion   po in t   fo r   t r a i l i ng -edge  stall)  to   the  beginning  of   reat tachment  
g ives  
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and  from t h e   s o l u t i o n  S*H = cons tan t  

ab*  (H,/Hs) 

6,' (Hb/H,) 
" - 

A t  t h e   t r a n s i t i o n   p o i n t  we assume t h a t   t h e   v e l o c i t y   a l o n g   t h e   d i v i d i n g  stream- 
l i n e  of the   separa t ion   bubble  and t h e  momentum th ickness  are continuous s o  
that':: 

(edlam = (6t)turb 

and 

(2) lam =(;) tu rb 

Consequently,   since H $/a* 

Because X, , ( H , / H , ) ~ ~  and ( 6 ,  * )lam are knovm f rom  the   so lu t ion  of  the  
laminar   shear   layer ,   the   above  expressions are su f f i c i en t   t o   de t e rmine   t he  
length  of  turbulent  mixing  region and the  displacement   thickness  a t  t h e  be- 
ginning of r ea t t achmen t   i n  terms of t h e  unknovm prof i le   shape   parameter  Hb 
a t  t h i s   p o i n t .  

t he   s epa ra t ion   po in t   t o   t he   t r ans i t i on   "po in t "   i n s ide   t he   s epa ra t ion   bubb le  
t h e  momentum i n t e g r a l  and f i r s t  moment equat ions are (for   zero  pressure 
g rad ien t )  

The laminar  mixing  region. - For  the  laminar   shear   layer   extending  f rom 

dS* 
H- 

dx  dx 

dS* 
dx dx (.Is*) ] - + a * - =  - R  

Solu t ion  of t h i s   p a i r  of equat ions  has   been  given  in   Ref .  17. The s o l u t i o n  
p r e s e n t e d   i n   t h a t   p a p e r  was f o r   t h e   v a r i a t i o n  of the  displacement   thickness  
and d iv id ing   s t r eaml ine   ve loc i ty  as func t ions  of the  non-dimensional  length 
scale dovmstream  of s epa ra t ion  X 2 / e 2  Rex. Since a t  a laminar   separa t ion  

poin t  Hs = e , / S , *  = .25 the   above   l eng th   s ca l e   can   be  cast i n t o   t h e   f o r m  

I. 

of transition is analogous to the  method used by Truckenbrodt for attached boundary layers  (Ref. 12). 
This procedure for finding the  turbulent momentum thickness, displacement thickness and profile shape downstream 
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Also, H/Hs i s  a funct ion  of  u* ( t h e   r a t i o   o f   t h e   v e l o c i t y   a l o n g   t h e   d i v i d i n g  
s t r eaml ine   t o  u,), so t h a t   t h e   s o l u t i o n   g i v e n   i n  R e f .  17  can  be  used  here   with 
only   s l igh t   modi f ica t ion .  The v a r i a t i o n   o f  H/H, and a*&* wi th   d i s t ance  down- 
stream of   s epa ra t ion  is  shown i n   F i g u r e  6. Here x i s  t h e   d i s t a n c e  downstream 
o f   t he   s epa ra t ion   po in t .  

Tenta t ive ly ,  w e  assume t h a t   t h e   l e n g t h  of t he   l amina r   shea r   l aye r  is  
determined by Von Doenhoff ' s   c r i te r ion ,  namely t h a t ( R e x )  = 50 OOO.* Thus, 

C 

(Ht/Hs)lam. and ( S t * / S S * )  are known funct ions  of  Rea *, as i n d i c a t e d   i n  
lam. S 

Figure 6. The c h a r a c t e r i s t i c   v e l o c i t y   i n   e a c h  of  these  Reynolds numbers is  
t h e   l o c a l   i n v i s c i d   v e l o c i t y  a t  t h e   s e p a r a t i o n   p o i n t .  

Pressure   ca lcu la t ion   procedure .  - For   t h i s   pa r t   o f   t he   ana lys i s ,   t he   l oca -  
t i o n  of the  separat ion  and  reat tachment   points   and  the  pressure a t  reattachment 
are spec i f ied ,   and  i t  i s  r e q u i r e d   t o  compute t h e   d i s t r i b u t i o n  of  pressure be-- 
tween xs andxR. The basic  problem is to  determine Hb and X b  . With Hb known, 
t h e  rise in   p ressure   f rom X b  t o  xR can  be computed d i r e c t l y  from Eq. (18). 
S ince   the   p ressure  a t  XR is spec i f i ed   and   t he   p re s su re  is constant  from xs t o  
Xby t h e   p r e s s u r e   d i s t r i b u t i o n  is  then  completely  determined. 

The two re la t ions   used   to   de te rmine  xb and Hb are Eqs. (19) and (20). 
Equation (20) relates X b -  5 (or  Xb-Xs , i n   t h e  case o f   t r a i l i ng -edge   s t a l l )   t o  
Hb , while  Eq. (19) relates XR-Xb t o  Hb . A simple i terat ive c a l c u l a t i o n  i s  
performed  whereby  successive  values  of Hb are assumed and X b  i s  computed  from 
Eqs. (19)  and  (20). A s o l u t i o n  is obtained when t h e  two r e s u l t s   f o r  X b  agree 
wi th in  a prescr ibed amount. 

Leading-Edge  Bubble 

In   the   ana lys i s   o f   the   l ead ing-edge   bubble ,  i t  is assumed tha t   the   begin-  
ning of the   rea t tachment   reg ion   and   the   po in t   o f   t rans i t ion  are coincident .  
The formulat ions  of   the   viscous  mixing  and  reat tachment   regions  can  then  be 
employed , as fol lows . 

From the  curves   of   Figure 6, t he   cond i t ions  a t  t rans i t ion ,   and   hence  a t  
X b y  can  be  obtained,  given 6* and 6' a t  separat ion  f rom  the  boundary-layer  
ana lys i s .   S ince  xb , which is  assumed equa l   t o  xt is  known from Von Doenhoff's 
c r i t e r ion   ( (x t -  x,)% / v  = 50 OOO), xR can  be computed d i r ec t ly   f rom Eq. (19). 

S 

Gault  (Ref. 18) has performed a large number  of experiments  in  which (R%) ranged between 2 5  000 and 75 000 for 

over 80 percent of the  data.  Consequently, a s  Gault points  out,  a unique value for this  transition  Reynolds number 
i s  only a rough  approximation  and i s  influenced by  the  turbulence  level,  pressure  gradient,  ecc. 

t 
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It i s  assumed t h a t   t h e   p r e s s u r e  rise across   the  bubble ,   f rom xs t o  XR, is 
not   affected  by  the  presence  of   the  bubble .   Given xs and XR, t h e   p o t e n t i a l -  
f l ow  so lu t ion  is then  used  to  compute tha t   i nc rease   i n   p re s su re .   I f   t he   p re s -  
s u r e  rise computed from Eq. (18)  exceeds  the  required  pressure rise computed 
from the   po ten t i a l - f low  so lu t ion ,  i t  is  assumed tha t   the   mix ing   process  
accommodates to   the   lower   requi red   p ressure  rise and tha t   t he   f l ow  r ea t t aches .  
I f   t h e   r e q u i r e d   p r e s s u r e  rise exceeds  the  pressure rise computed  from Eq. (181, 
i t  i s  assumed the   l ead ing-edge   bubble   has   burs t   and   the   a i r fo i l  is  undergoing 
leading-edge s t a l l .  
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COMPUTATION PROCEDURE 

The procedure  used i n   a n a l y z i n g  the i n t e r a c t i o n s  of the flow  elements is 
ind ica t ed   s chemat i ca l ly   i n   F igu re  7.  The computations are car r ied   ou t   by  
f o r w a r d   i n t e g r a t i o n   i n  time, s t a r t i n g  from  steady,  at tached f101-7. A t  each 
time s tep ,  when the   f l ow i s  a t t ached ,   p re sc r ibed   a i r fo i l   mo t ions  are u s e d   t o  
d e r i v e   t h e   p o t e n t i a l   f l o w .  The f low  ex te rna l   t o   t he   boundary   l aye r  i s  then 
computed.  The  boundary layer  and  leading-edge  bubble are then   ana lyzed   to  
determine  whether   the  leading-edge  bubble   has   burst   ( leading-edge  s ta l l )   or  
the   tu rbulen t   boundary   l ayer   has   separa ted   ( t r2 i l ing-edge   s ta l l )  . I f   t h e  f101-7 
remains  attached, time is incremented ,   the   fo i l   mot ions  are again  prescr ibed 
and the   p rocedure   repea ted .  

I f   t h e   a i r f o i l  stalls, t h e   l o c a t i o n  of t he   s epa ra t ion   po in t  i s  assumed, 
t h e   p o i n t  of reattachment  and  pressure a t  reattachment are computed  by a 
method to   be   desc r ibed   subsequen t ly ,   t he   p re s su re   i n   t he   dead -a i r   r eg ion  is 
computed  and the   po ten t i a l - f low  so lu t ion  i s  der ived  f rom  the  prescr ibed air- 
f o i l  motions  and  dead-air   pressure  dis t r ibut ion.  The  boundary l a y e r  i s  then 
analyzed and t h e  computed sepa ra t ion   po in t   l oca t ion  is compared w i t h   t h e  
assumed l o c a t i o n .   I f   t h e  assumed l o c a t i o n   d i f f e r s  by more than a prescr ibed 
amount from t h e  computed one, a net7 estimate of t h e   s e p a r a t i o n   p o i n t   l o c a t i o n  
is  made and t h e   p o t e n t i a l   f l o w  and  boundary  layer are again  analyzed. When 
t h e  assumed  and  computed s e p a r a t i o n   p o i n t   l o c a t i o n s  are i n   s a t i s f a c t o r y  
agreement  or when four   i t e ra t ions   have   been   per formed,  time i s  incremented. 

The length  of   the  dead-air   region when t h e   a i r f o i l  i s  s t a l l e d  i s  computed 
by der iv ing  a bubble  growth rate f r o m   t h e   p o t e n t i a l   s o l u t i o n  and i n t e g r a t i n g  
i n  time. The growth rate i s  computed as f o l ~ o w s .  The ra te  of   increase  of  
mass  of the  dead-air   region is g i v e n ,   t o   f i r s t   o r d e r ,  by 

The t o t a l  mass o f   t he  - dead-air   region i s  roughly   p ropor t iona l   to  pI,Y,,, ,  
where 1, = xR-xs and Ymax i s  t h e  maximum of y(x) 
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If added mass i s  a l l  accountable as add i t iona l   l eng th ,   t hen  

The p r imary   j u s t i f i ca t ion   fo r   comput ing  xR i n   t h i s  t7ay is t h a t  it g ives  a 
closed  bubble i n   t h e  l i m i t  of   steady  separated  f low. A t  t he   onse t   o f  s ta l l ,  
\!hen t h e r e  i s  no poten t ia l - f low  so lu t ion   f rom  which   to   der ive  a growth rate, 
I, is assumed t o   e q u a l  u . 

When the  dead-air   region  terminates  downstream  of t h e   t r a i l i n g   e d g e ,   t h e  
pressure  a t  xR i s  t a k e n   t o   b e   t h e   f r e e - s t r e a m   p r e s s u r e .   I f  xR i s  less than b ,  
as occurs a t  the  onset  of  leading-edge stall ,  t h e   p r e s s u r e  a t  xR i s  t a k e n   t o  
b e   t h e   p r e s s u r e  a t  t h a t   p o i n t   i f   t h e   a i r f o i l  were n o t   s t a l l e d .  

When the   a i r fo i l   has   undergone   lead ing-edge  s t a l l ,  t h e r e  must  be some 
means of  determining when t h e   a i r f o i l   r e g a i n s   a t t a c h e d   f l o w .   C l o s e l y  con- 
nec ted   wi th   th i s   de te rmina t ion  i s  the  process  by  which  reattachment  occurs.  
It was assumed t h a t  when a n   a i r f o i l   r e g a i n s   a t t a c h e d   f l o w  after having  under- 
gone  leading-edge stall ,  the  dead-air   region i s  washed o f f   t h e   a i r f o i l   f r o m  
leading   edge   to   t ra i l ing   edge  a t  t h e  free-stream speed. To determine  whether 
th i s   p rocess   should   be   in i t ia ted ,   the   fo l lowing   procedure  was f i r s t  attempted. 
It v7as pos tu l a t ed   t ha t   du r ing   t he   p rev ious  time s t e p ,   t h e   a i r f o i l  had u n s t a l l e d  
and the   dead-a i r   reg ion  was p a r t i a l l y  washed o f f   t h e   a i r f o i l .   A f t e r  computing 
the   po ten t i a l   f l ow  wi th  x, so positioned,  the  boundary  layer  and  leading-edge 
bubble were analyzed. I f   t he   l ead ing -edge   bubb le   bu r s t ,   t he   pos tu l a t ed   uns t a l l  
could  not  have  occurred  and  the  analysis would p roceed   w i th   t he   s epa ra t ion  
p o i n t   r e s t o r e d   t o  a pos i t ion   near   the   l ead ing-edge .   Unfor tuna te ly ,   th i s   p ro-  
cedure  caused  diff icul ty   with  the  boundary-layer   analysis ,   because a t  l a r g e  
angles   o f   a t tack   the   d i sp laced   dead-a i r   reg ion   genera ted  a l o c a l  area of un- 
favorable   p ressure   g rad ien t   near   the   s tangat ion   po in t ,   p robably   because   o f  
the   inaccuracy   of   the   l inear   po ten t ia l - f low model  used.  The  procedure was 
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t h e r e f o r e   a l t e r e d  somewhat by removing the   dead-a i r   reg ion   en t i re ly  from t h e  
f low  pr ior   to   ana lyz ing   the   boundary   l ayer  and the  leading-edge  bubble. Of 
c o u r s e ,   i f  i t  is found  that   the   leading-edge  bubble   does  not   burst  and u n s t a l l  
should   be   in i t ia ted ,   the   washing   of f  of the  dead-air   region i s  s t i l l  c a r r i e d  
out.  

RESULTS  OF COMPUTATIONS 

Calculat ions  have  been  carr ied  out   of   the   loading on a n   a i r f o i l   d u r i n g  
t r a n s i e n t  .and s inusoidal   p i tching  motions  and  during  unsteady stall induced 
by a series of d i s c r e t e   v o r t i c e s   c o n v e c t e d   p a s t   t h e   a i r f o i l  a t  the  f ree-s t ream 
speed. Two d i f f e r e n t   a i r f o i l   s e c t i o n s  were analyzed.  These  sections,  which 
are ske tched   w i th   t he i r   o f f se t s   i n   F igu re  8, were the   ones   u sed   i n   t he  tests 
repor ted   in   Ref .  3 .  The symmetric s e c t i o n  i s  a n  NACA 0012 sec t ion   modi f ied  
by a small t ra i l ing-edge  extension.  The  cambered sec t ion ,   des igna ted  V-23010 
i n  Ref.  3, was formed  from a 0012 s e c t i o n  by cambering  the  leading-edge  portion. 

All c a l c u l a t i o n s  were performed  for a chordal  Reynolds number of two m i l -  
l i o n  ( R e b  = l o 6 ) .  The  measured s ta t ic  v a r i a t i o n  of l i f t  and moment, from 
Ref. 19 ,   i nd ica t e   t ha t   t he   s ec t ions   ana lyzed   unde rgo   l ead ing -edge   s t a l l  a t  
t h a t  Reynolds  number.   Preliminary  calculations  of  the  loading  during  transi-  
en t   p i t ch ing   t h rough  s t a l l  confirmed  this .   Therefore ,   in   order   to   conserve 
computer  running time, the  occurrence  of   t ra i l ing-edge s ta l l  was precluded 
by omi t t ing   the   ana lys i s   o f   the   tu rbulen t   boundary   l ayer  downstream  of t h e  
lead ing-edge   bubble .   Thus ,   the   poss ib i l i ty   o f   uns teady   e f fec ts   suppress ing  
leading-edge s ta l l  t o   t h e   e x t e n t   t h a t   t r a i l i n g - e d g e  s ta l l  dominates were not  
taken  into  account   in   the  computat ions.  However, t h e r e  i s  no i n d i c a t i o n   i n  
the   da t a   o f   Re f .   19   t ha t   t r a i l i ng -edge  s ta l l  occurs   under   the  condi t ions 
analyzed. 

Transient  Pitching  Motion 
and Stat ic  S t a l l  C h a r a c t e r i s t i c s  

Computat ions  of   the   loading  resul t ing  f rom  t ransient   pi tching  motions 
h a v e   b e e n   c a r r i e d   o u t   f o r   b o t h   a i r f o i l   s e c t i o n s .   P i t c h   a n g l e  was increased 
l i n e a r l y   w i t h  time up t o  a se l ec t ed   va lue   and   t hen   he ld   cons t an t   un t i l   s t eady  
loading on t h e   a i r f o i l  was es tab l i shed .  The var ia t ion  of   pi tch  angle ,   normal-  
f o r c e   c o e f f i c i e n t ,  moment coef f ic ien t   and   length   o f   the   dead-a i r   reg ion   wi th  
time, .for a t y p i c a l  case, are shotm i n   F i g u r e  9. 

Of p a r t i c u l a r   n o t e   i n   F i g u r e  9 i s  tha t   the   ins tan taneous   normal   force  
exceeds  the m a x i m u m  s ta t ic  v a l u e  computed  by a considerable  margin a t  s ta l l .  
There are two e f f e c t s   c o n t r i b u t i n g   t o   t h e   o v e r s h o o t .  One of t h e s e  is a r e d i s -  
t r ibut ion  of   loading  over   the  chord,   caused by t h e   p i t c h  rate, which reduces 
the   suc t ion   peak   and   pressure   g rad ien t   near   the   l ead ing   edge .   This   can   be  
seen  from a comparison of v a r i o u s   f l o w   q u a n t i t i e s   f o r  static and  dynamic 
loading  below s ta l l  as l i s t e d   i n   T a b l e  11. The quan t i t i e s   fo r   uns t eady  
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NACA0012 (MODIFIED) b X I  

x,/c Y UIC 

0 
.0170 .0110 

0 
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I I I I 
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TABLE II 

COMPARISON OF STATIC  AND  DYNAMIC  LOADING BELOW STALL 

Quantity 

Op -deg. 

c n  

qe*ax 
/U 

qe, /u  
Length  of  leading 

edge  bubble-semichords 

I n c r e a s e   i n  
c p   p o s s i b l e  

I n c r e a s e   i n  
Cp required 

S t a t i c  

11.5 

1.252 

2.985 

2.832 

.0256 

2.095 

2.093 

Dynamic 
(bdp /U = .025) 

12.9 

1.354 

2.892 

2.742 

.0265 

1.964 

1.949 

loading were taken   f rom  the   run   p lo t ted   in   F igure  9 a t  t h e   i n s t a n t  when 
op = 12.9  deg. The no rma l   fo rce   i n   t he   uns t eady  case i s  seen   to   exceed   the  
s ta t ic  normal  force,   even  though  the maximum flow a t  t h e   s u r f a c e ,  and  hence 
the   suc t ion   peak ,  is considerably less f o r   t h e  dynamic t h a n   f o r   t h e  s ta t ic  
loading. A s  can   be   seen   f rom  the   compar ison   of   the   p ressure   d i s t r ibu t ions  
f o r   t h e  two cases shotm in   F igu re   10 ,   t he   add i t iona l   no rma l   fo rce  i s  gener- 
a t e d   o v e r   t h e   a f t  90 percent  of the   chord  on t h e   p i t c h i n g   a i r f o i l ,   t h e   l o a d -  
ing   near   the   l ead ing   edge   be ing   s l igh t ly  less than  on t h e  s ta t ic  a i r f o i l .  
This  i s  caused by the   p re s su re   d i s t r ibu t ion   a s soc ia t ed   w i th   t he   p i t ch  rate, 
t h e  boundary  condition  for  which i s  e q u i v a l e n t   t o   p a r a b o l i c  camber on  an air- 
f o i l   i n   s t e a d y   f l o w .  The e f f e c t i v e  camber s h i f t s   t h e   c e n t e r   o f   p r e s s u r e  rear- 
vard ,   reducing   the   suc t ion   peak .  A s  can  be  seen  f rom  Table  11, the   reduced 
flow  magnitude a t  s e p a r a t i o n   i n   t h e  dynamic case makes the   s epa ra t ion   bubb le  
longer   and  decreases   the amount of  pressure rise in  the  bubble  which is possi-  
b l e ,   b u t   t h i s  i s  more than   o f f se t   by   t he   r educ t ion   i n   p re s su re   g rad ien t ,   wh ich  
lowers   the  required  pressure rise even more.  The r educ t ion   i n   p re s su re   g rad -  
i e n t   i n   u n s t e a d y   f l o w  was i n  fact postulated  by Carta i n  Ref. 20 as a mechan- 
i s m  f o r  dynamic overshoot ,   wi thout   consider ing  the  direct  effect on  the  leading-  
edge  bubble. 

The o the r   e f f ec t   con t r ibu t ing   t o   t he   i nc reased   no rma l   fo rce   de r ives   f rom 
the   f low  which   resu l t s  when the   dead-a i r   reg ion   te rmina tes   on   the   a i r fo i l .  
When the   rea t tachment   po in t  i s  i n   t h e   v i c i n i t y  of  midchord,  the  presence  of 
the  bubble   induces a s u b s t a n t i a l   i n c r e a s e   i n   l o a d i n g   o v e r   t h e   a f t   p o r t i o n   o f  
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t h e   a i r f o i l  which  more  than  compensates  for  any  loss i n   l i f t  over   the  dead-air  
r e g i o n ,   r e s u l t i n g   i n  a ne t   increase   in   normal   force .   This   can   be   seen   f rom 
the   va r i a t ion   o f   p re s su re   coe f f i c i en t   ove r   t he   cho rd   p lo t t ed   i n   F igu re  11 
f o r   t h r e e   d i f f e r e n t   p i t c h   a n g l e s ,   t a k e n   f r o m   t h e   r u n   p l o t t e d   i n   F i g u r e   9 .   F o r  
Op = 14.3 deg. ,   the   dead-air   region  extends  f rom  very  c lose  to   the  leading  edge 
to  approximately  midchord. The loading is  seen   t o   exceed   t ha t   fo r  8 = 12.9 
deg ( j u s t   p r i o r   t o   b u r s t i n g )   o v e r   t h e   w h o l e   a f t   p o r t i o n   o f   t h e   a i r f o l l ,   r e s u l t -  
i n g   i n  a normal-force  coefficient  of  1.59, compared to   1 .35  a t  OP = 12.9  deg. 
When the   rea t tachment   po in t   reaches   the   t ra i l ing   edge   and   beyond,   the   loading  
rap id ly   d rops  t o  nea r   t he  s ta t ic  v a r i a t i o n   d u r i n g  stall ,  as can  be  seen  from 
t h e   v a r i a t i o n   o f  Cpu f o r  OP = 17.2  deg i n   F i g u r e  11. 

P. 

Of f u r t h e r   n o t e   i n   F i g u r e  11 is t h e   s i m i l a r i t y  of t h e   p r e s s u r e   d i s t r i b u t i o n  
f o r  Op = 14.3 deg   to   tha t   which  would be  induced by a s t rong   vo r t ex .   Vor t i c i ty  
which is  shed  from  the  leading  edge  has  been  postulated  (Ref.   4) as a primary 
potential-flow  element  of dynamic s ta l l .  Shed vor t ic i ty   emanat ing   f rom  the  
leading  edge i s  n o t  a p a r t  of t h e  model  employed, per se, so a d i f f e r e n t  
explanat ion is  required.  From a mathemat ica l   s tandpoin t ,   the   cause   o f   the  
sharp rise in  suct ion  dotmstream  of   reat tachment  i s  the   square- root   s ingular i ty*  
i n  y r equ i r ed   t he re   t o   s a t i s fy   t he   f l ow- tangency   cond i t ion .  A phys i ca l   i n t e r -  
p r e t a t i o n   c o u l d   b e   t h a t   f l u i d ,  upon passing  from a reg ion   of   near ly   cons tan t  
pressure  to  one  of  at tached  f low,  must accelerate i n  a manner ana logous   to  
passage  over a leading  edge,  causing a sharp  suct ion  peak.  

The v a r i a t i o n  of s ta t ic  normal-force  and moment c o e f f i c i e n t s   w i t h   a n g l e  
of a t t a c k  were developed   f rom  the   t rans ien t   p i tch   computa t ions   by   paramet r ica l ly  
va ry ing   t he  maximum p i t ch   ang le .  The c u r v e s   f o r   t h e  symmetric and  cambered sec- 
t ions,   and  the  corresponding  measured  coeff ic ients   f rom  Ref .   19,  are shotm i n  
Figures  12  and  13. The  computed and  measured s ta t ic  c o e f f i c i e n t s  are s e e n   t o  
a g r e e   q u i t e  well, q u a l i t a t i v e l y .   T h a t   t h e  method so a c c u r a t e l y   p r e d i c t s   t h e  
maximum normal   force   on   the  symmetric s e c t i o n  was f o r t u i t o u s ,   i n   l i g h t   o f   t h e  
approximations made i n   t h e   c a l c u l a t i o n s ,  and  should  not  be  regarded as a 
measu re   o f   t he   quan t i t a t ive   capab i l i t i e s   o f   t he  method. The d i f f e r e n c e s  be- 
tween  measured  and c a l c u l a t e d   c o e f f i c i e n t s   f o r   t h e  cambered sec t ion   (F igu re  13) 
c a n   b e   a t t r i b u t e d   i n   p a r t   t o  a l a r g e r  camber e f f e c t   i n   t h e  computed r e s u l t ,  
t he re   be ing  a cons iderably   l a rger   p red ic ted   normal   force  a t  a = 0 than was 
measured.  Also,   the  center  of  pressure i s  q u i t e  a b i t   a f t  of the  quarter-chord 
i n   t h e   p r e d i c t e d   l o a d ,  as r e f l e c t e d   i n   t h e  moment var ia t ion .   Apparent ly   the  
l i n e a r i z e d  model introduces a r e l a t i v e l y   l a r g e   e r r o r  when used   to   represent  
camber  of t h i s   t ype .  

S inuso ida l   P i t ch   Osc i l l a t ions  

Computations were car r ied   ou t   o f   the   load   on   bo th  symmetric and  cambered 
sec t ions   resu l t ing   f rom  s inusoida l   p i tch ing   about   the   quar te r -chord .   Because  
t h e   c a l c u l a t i o n s  were i n i t i a t e d  from  steady  flow, i t  was n e c e s s a r y   t o   c a r r y  
ou t   t he   computa t ions   un t i l   pe r iod ic   l oad ing  was es tab l i shed .  It v7as found  tha t  

reattachment  point  could  be  derived  using  Lighthill's  approach, but it  mas  not  needed,  because  the boundary layer 
The  singularity  results from the  linearized boundary condition. A uniformly valid  solution  which is finite  at the 

i s  not analyzed in the  vicinity of that p o ~ n t .  
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j u s t  two c y c l e s   o f   o s c i l l a t i o n  were s u f f i c i e n t   t o   o b t a i n   p e r i o d i c i t y .  The time 
increment was s e l e c t e d   t o   g i v e  36 t ime-s teps   per   cyc le   o f   osc i l la t ion .  A typi-  
cal  run  required  about  40 minutes   of   central   processor  time, using  an IBM 
360/75  computer. 

Symmetric sec t ion .  - The r e s u l t s  of t he   computa t ions   fo r   t he  symmetric 
s e c t i o n  are shotm i n   F i g u r e s  14  through  19 as plots  of  normal-force  and moment 
c o e f f i c i e n t  vs. p i t ch   ang le .  The s ta t ic  v a r i a t i o n  of t h o s e   c o e f f i c i e n t s  is 
shoan as dashed  curves   on  the  f igures .  The load ing   fo r  a reduced  frequency 
k (k = ob/U, where o is c i rcu lar   f requency)   o f  .13 i s  g iven   i n   F igu res  14, 15, 

and 16  and k = .26 fo r   F igu res  17, 18 and  19. The ampl i tude   o f   o sc i l l a t ion  
f o r  a l l  cases is 4.5  deg. The t h r e e  mean p i t ch   ang le s   fo r   each   r educed   f r e -  
quency are 9 ,  13.5,  and  15.5  degrees, as ind ica t ed   on   t he   f i gu res .  

For  purposes of comparison,  the  measured  loadings  shotm  plotted i n  Fig- 
u r e s  20 through 25 were obta ined   f rom  the   da ta   g iven   in   Ref .  19.  The param- 
eters fo r   t hose   p lo t s   co r re spond   nomina l ly   t o   t hose   o f   F igu res   14   t h rough   19 ,  
respec t ive ly .  The measured  coeff ic ients  were computed from  the  harmonic 
analyses   given  in   Ref .   19  of   data   taken  f rom tests .at a free-stream Mach 
number of  .2. 

It is n o t e d ,   f i r s t ,   t h a t   t h e  measured  loads  for k = .13  (Figures 20,  21, 
and 22) exh ib i t   cons ide rab le  dynamic overshoot  of c, , while  none i s  evident  
i n   t h e  computed r e s u l t s  a t  that   f requency  (Figures   14,   15,   and  16) .  The com- 
puted moment c o e f f i c i e n t  i s  i n  good agreement ,   qual i ta t ively,   wi th   the  measured 
c o e f f i c i e n t  , however.  The u n s t a b l e  moment var ia t ion   ( loops   t raversed   c loch-7 ise  
i n  a p l o t   o f  C, vs. OP ) are i n  clear ev idence ,   pa r t i cu la r ly  a t  a mean p i t c h  
angle  of 9 deg  (Figure  14) .   Further ,   the   var ia t ion  of   normal   force  during  the 
process  of  f low  reattachment  exhibited i n   t h e  measured  loading is well repro- 
duced i n   t h e  computed r e s u l t ,   t h e r e   b e i n g   a n   i n i t i a l   s h a r p  rise i n  Cn as t h e  
dead-air   region i s  being washed o f f  , followed  by a s l i g h t   d r o p   i n  C, a f t e r   t h e  
a i r f o i l   r e g a i n s   a t t a c h e d   f l o w .  

A t  the   h igher   reduced   f requency ,   the  computed moment coef f ic ien ts   (F ig-  
u r e s  1 7 ,  18, a n d   1 9 )   c o n t i n u e   t o   e x h i b i t   t h e   u n s t a b l e   v a r i a t i o n  i n  evidence 
i n   t h e   e x p e r i m e n t a l   r e s u l t   ( F i g u r e s  23,  24,  and  25). Also, t h e  computed 
normal - force   coef f ic ien ts   for  mean p i t c h   a n g l e s  of 9 and  13.5  degrees  (Fig- 
u r e s  1 7  and 18) are seen   to   exceed   the  maximum s ta t ic  value  by a cons iderable  
margin. It would  appear  that   overshoot is  only  detected a t  t h e   h i g h e r  fre- 
quency a t  least pa r t ly   because   o f   t he   subs t an t i a l   e r ro r s   i n t roduced  by t h e  
l i n e a r  model i n  computing the  f low  near   the  leading  edge,   because it was found 
i n   t h e   a n a l y s i s  of t r a n s i e n t   p i t c h i n g   t h a t   b u b b l e   b u r s t i n g  is v e r y   s e n s i t i v e  
to   changes   i n   t he   f l ow  the re .  

I n   f u r t h e r   c o m p a r i s o n   o f   t h e   r e s u l t s  a t  k = .26, i t  is n o t e d   t h a t   t h e  
measured C, does  not   decrease as r a p i d l y  as t h e  computed load a t  the   onse t   o f  
s ta l l ,  making the   exper imenta l  C, loops  considerably  narrower  than  the computed 
ones.   Because  the  decrease i n  computed no rma l   fo rce   does   no t   occu r   un t i l   t he  
r e a t t a c h m e n t   p o i n t   h a s   p r o g r e s s e d   t o   t h e   v i c i n i t y   o f   t h e   t r a i l i n g   e d g e ,  it 
v7ould a p p e a r   t h a t   t h e  rate of  growth  of  the  dead-air  region,  assumed  to  be 
equa l   t o   t he   f r ee - s t r eam  speed   i n   t he   ana lys i s ,  i s  i n   f a c t  a good d e a l  less 
than  the  free-stream  speed. 
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Figure 24 MEASURED LOADING ON SYMMETRIC  SECTION WITH k = .252, 
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Figure 25  MEASURED  LOADING  ON  SYMMETRIC  SECTION WITH k = .252, 
a,= 17.5', be= 5.12' (from Ref.  19) 



For   the  case computed wi th   t he   h ighes t   p i t ch   ang le  a t  k = .26  (Figure  19),  
it can   be   s een   t ha t   t he   a i r fo i l   r ema ined   s t a l l ed   t h roughou t   t he   cyc le ,   wh i l e  
t h e  measured r e s u l t s  a t  t h e  same frequency  and  comparable  pitch  angle  (Fig- 
u r e  25) i n d i c a t e   t h e   a i r f o i l   d i d   u n s t a l l .  It i s  i n t e r e s t i n g   t o  compare 
Figure  19  with  the  measured  load  for  a case where t h e   a i r f o i l   d i d   r e m a i n  
s t a l l e d .  The r e s u l t   f o r   s u c h  a case, a l so   w i th  k = .26, is p l o t t e d   i n  Fig- 
u r e  26. Note i n   F i g u r e  26 t h a t   t h e   a i r f o i l   d e v e l o p e d  a s u b s t a n t i a l   i n c r e a s e  
in   l oad   wh i l e   p i t ch ing   up ,   bu t   t he  computed r e s u l t s  show only a s l i g h t   i n -  
crease i n  C, ove r   t ha t   pa r t   o f   t he   cyc le .   Th i s   i nd ica t e s   t ha t   t he re  is a 
s i g n i f i c a n t   v a r i a t i o n  of pressure   in   the   v i scous   mix ing   reg ion   caused   by  
unsteady  effects  which are no t   be ing   t aken   i n to   accoun t   i n   t he   ana lys i s  be- 
cause a quasi-steady  model  of  that  region was used. 

Cambered sec t ion .  - It v7as found i n  Ref. 3 t h a t   t h e  cambered s e c t i o n  gen- 
e ra l ly   exh ib i t ed  smaller excurs ions   ( less   nega t ive   va lues)   o f  C, and  reattach- 
ment s t a r t e d  earlier i n   t h e   c y c l e ,  compared t o   t h e   r e s u l t s   f o r   t h e  symmetric 
sec t ion .  The load   on   the  cambered s e c t i o n  was computed to   determine  whether  
these   e f fec ts   could   be   de tec ted .  The resu l t s   for   reduced   f requencies   o f   .13  
and  .26 are p l o t t e d   i n   F i g u r e s  27 and  28, respec t ive ly .  Both cases have a 
mean p i t c h   a n g l e  of 15.5 degrees   and  pi tch  ampli tude  of  4.5 degrees.  Because 
t h e  stall ang le   o f   a t t ack   o f   t he  cambered s e c t i o n  is cons iderably   l a rger   than  
t h a t  of t h e  symmetric sec t ion ,   F igu res  27 and 28 are most closely  comparable 
to   F igures   15   and  18, respec t ive ly .  The moment c o e f f i c i e n t s  of t h e  cambered 
sec t ion   appear   to   be   about   the  same magnitude as those   o f   the  symmetric sec- 
t ion .  However, r ea t t achmen t   fo r   t he  cambered sec t ion   does   occu r   s ign i f i can t ly  
earlier i n   t h e   c y c l e ,   i n  agreement  with  the  f indings  of  Ref.  3. Note t h a t  
subs tan t ia l   overshoot   o f  c, again  occurs   only a t  the  higher   f requency.  

Wake-Induced S t a l l  

The  method w a s  a p p l i e d   t o   t h e   a n a l y s i s  of  wake-induced  dynamic s t a l l  of 
a ro to r   b l ade   du r ing  a maneuver.  Large  high-frequency o s c i l l a t i o n s   i n   d i f -  
f e r e n t i a l   p r e s s u r e  Ap, t o r s i o n a l  moment TM, l i f t  and  aerodynamic moment on t h e  
r e t r ea t ing   s ide ,   w i th   b l ade   az imuth   ang le   #be tween  270 and  360 degrees,  were 
d e t e c t e d   i n   f l i g h t  test da ta ,  as shown i n   p l o t s   o f   F i g u r e s  29 and  30,  taken 
from  Ref. 21. It w a s  a s s e r t e d   i n   R e f .  21 t h a t   t h i s   r e s p o n s e  was t h e   r e s u l t  of 
dynamic s t a l l  induced  by  previously  formed t ip   vor t ices   which ,   under   the  
maneuver f l i gh t   cond i t ion ,   pas s   unde r   t he   b l ade  a t  the   az imuth   pos i t ions   ind i -  
c a t e d   i n   F i g u r e s  29 and 30. To test th i s   hypo thes i s ,   c a l cu la t ions  were c a r r i e d  
out   of   loading  resul t ing  f rom  passage  of  a two-dimensional a i r f o i l   o v e r  a series 
of th ree   equa l ly   spaced   d i sc re t e   vo r t i ce s .  The a i r f o i l  was f r e e   t o   r e s p o n d   i n  
p i tch   about  its quar te r -chord   po in t ,   wi th   spr ing   res t ra in t   and   iner t ia   chosen  
t o   g i v e  a reduced  natural   frequency ke = web/U of  ,382,  which  corresponds t o  a 
pi tch  natural   f requency  of   about  40 Hz fo r   t he   pa rame te r s  of t h e   f l i g h t  tes t .  
P i t c h   a n g l e  was computed from 
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( t -  A t  
e (t) = eo + [ e  ( t - A t ) -  eo 1 COS (08 A t )  + P P o e  

s in  (oe A t )  

+ -  
ke2 

[ZC,(t-At)  - C, ( t - 2 A t ) l  [ I  - c o s  (00 A t )  I 

I + [C, (t - 2 A c )  - C, (c- A t ) ]  [ s in  (08 A t )  - w e  At  cos (we A t ) ]  
k,g3 Uo A t  

6 (t) = dp ( t - A t )  c o s ( o e  A t )  - w e  [ep (t - A t ) -  eo ]  s in  ( 0 6  A t )  P 

where eo i s  the   ang le   o f   ze ro   r e s to r ing  moment, and mI = p b  /I8 , Io be ing   p i t ch  
moment ' o f   i ne r t i a   pe r   un i t   span .  A value  of  .03583 was used   for  mI i n   t h e  cal- 
cu la t ions .  The above  formulas were de r ived   by   i n t eg ra t ing   t he   p i t ch   equa t ion  
using a l i n e a r   e x t r a p o l a t i o n   f o r  C,. Dimensionless   vortex  s t rength f = T t / U b  
was assigned a value  of .8636,  which  corresponds t o   t h e   s t r e n g t h  rt of t h e   t i p  
v o r t e x  formed  by a heavi ly   loaded  blade.  The a i r f o i l   s e c t i o n  of t h e   r o t o r  
b l a d e s   u s e d   i n   t h e   f l i g h t  test i s  a 0012 w i t h  a t ra i l ing-edge   ex tens ion ,  so 
t h e  symmetric s e c t i o n  employed i n   t h e   p r e v i o u s   c a l c u l a t i o n s  was used   fo r   t hese  
as well. 

4 

A t o t a l   o f   n i n e  cases were run,   parametr ical ly   varying streamwise and 
vertical spac ing   of   the   th ree   vor t ices   to   de te rmine   whether   one   o r  more com- 
b ina t ions   p roduce   load   var ia t ions  similar t o   t h o s e  of Figures  29 and  30. The 
v a r i a t i o n s   w i t h  time of p i t ch   ang le   ( comparab le   t o   t o r s iona l  moment i n  Fig- 
u r e  301, l i f t   c o e f f i c i e n t  and moment c o e f f i c i e n t   f o r   t h o s e  cases are shown 
p l o t t e d   i n   F i g u r e s  31 through 39. 
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It should f i r s t   be   no ted ,   for   purposes   o f   compar ison ,   tha t   the  computed 
o s c i l l a t i o n s   i n   p i t c h   a n g l e  are a t  approximate ly   the   p i tch   na tura l   f requency  
(18 semichords   t rave led   per   cyc le)   regard less   o f   the   vor tex   spac ing ,   and   the  
measured o s c i l l a t i o n s  i n  t o r s i o n a l  moment, which   cor respond  d i rec t ly   to   b lade  
pi tch  response,  are a l s o  a t  a b o u t   t h e   p i t c h   n a t u r a l   f r e q u e n c y .   I t . c a n   b e  
s e e n   t h a t ,   w h i l e   t h e   t h r e e  cases wi th   ver t ica l   spac ing   of   four   semichords  
(Figures 37, 38, and  39)  exhibit   considerably less l o a d i n g   v a r i a t i o n   t h a n   t h e  
measured r e s u l t s ,   t h e  computed l o a d i n g   f o r   t h e   t h r e e  cases v i t h  vertical  spac- 
ing  of  one  semichord  (Figures 31, 32,  and  33) as well as those   wi th  two-semi- 
chord vertical  spacing  (Figures 34,  35,  and  36) are q u i t e ' s i m i l a r   t o  the meas- 
u red   va r i a t ion   o f  C1 a n d   C , i n   t h e   i n t e r v a l   o f   i n t e r e s t .   L i f t   c o e f f i c i e n t  
varies from  about .6 t o  1.3 and C, varies from  near   zero  to   about  -. 15 i n  both 
computed and  measured r e s u l t s .  The wave forms are a l s o  similar, p a r t i c u l a r l y  
f o r   t h e   l a r g e s t  streamvise spacing  of  16  semichords  (Figures 33 and  36). The 
rap id   var ia t ions   in   loading   which   occur   dur ing   rea t tachment  are absent  from 
t h e  measured  loads,   but it i s  doub t fu l   t ha t   t he   i n s t rumen ta t ion  employed f o r  
t h e   f l i g h t  test would have   de t ec t ed   o sc i l l a t ions  of such  high  frequency  (about 
s i x  times the   p i t ch   f r equency ,   o r  240  Hz). 

The  computed d i f f e r e n t i a l   p r e s s u r e   c o e f f i c i e n t s  a t  selected  chordwise 
s t a t i o n s   f o r   t h e   r u n s   w i t h  streamwise spacing  of  16  semichords  and vertical  
spacings  of  one  and two semichords are p l o t t e d  as a function  of time i n  
Figures  40  and  41,  respectively.  Comparing these   f i gu res   w i th   F igu re   29 ,  
shows t h a t   t h e   v a r i a t i o n s   i n  computed chordwise  loading are a l s o  similar t o  
t h e  m e a s u r e d   p r e s s u r e   v a r i a t i o n s .   I n   p a r t i c u l a r ,   t h e  computed loading  repro- 
duces   the   phase   l ag ,   o r  time delay,   of   the   loading a t  t h e   a f t   c h o r d w i s e  
s t a t i o n s   w i t h   r e s p e c t   t o   t h e   f o r w a r d   o n e s .  

It can  be  concluded  f rom  the  resul ts   obtained,   then,   that   the   wake-vortex 
mechanism hypothesized i n  Ref.  21 is causing  the  large  high-frequency  response 
of t he   b l ade .  The r e s u l t s   f u r t h e r   e x p l a i n  t7hy t h e   o s c i l l a t i o n  is a t  t h e   p i t c h  
na tu ra l   f r equency ,   r a the r   t han  a t  the   exc i t a t ion   f r equency   co r re spond ing   t o  
the   vor tex   spac ing .  The l a r g e  nose-down moment exer ted on t h e   a i r f o i l  when 
i t  stalls c a u s e s   t h e   b l a d e   t o   r a p i d l y   p i t c h  down and u n s t a l l .  It was found 
i n   t h e  computat ions  that   the   blade  only travels one o r  two semichords  between 
s t a l l  onset  and  the  beginning  of f101-7 reattachment.  Thus, the b lade  i s  effec-  
t i v e l y   e x c i t e d  by a series of   discrete   impulses ,   causing it t o , o s c i l l a t e  a t  
i t s  na tura l   f requency .  
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Figure33 COMPUTED LOADINGTIME HISTORY FOR q =  1,s= 16 
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Figure 37 COMPUTED LOADING TIME HISTORY FOR E=4,z= 6 
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CONCLUSIONS 

The  method developed i s  capable   o f   reproducing   the   essent ia l   fea tures  of 
dynamic stall,  as demonstrated by t h e  good qual i ta t ive  agreement   obtained be- 
tween  computed  and  measured  loads  on a p i t c h i n g   a i r f o i l .  The r e s u l t s   i n d i c a t e  
t h a t  dynamic overshoot   of   the   normal   force is  caused  by a r e d i s t r i b u t i o n   o f  
p re s su re   a s soc ia t ed   w i th   t he   p i t ch  rate  as well as loading   induced   on   the   a f t  
p o r t i o n   o f   t h e   a i r f o i l  by the  presence  of  a dead-air   region  on  the  forward 
por t ion .   Quant i ta t ive   d i f fe rences   be tween  theory   and   exper iment   can   be   a t t r ib -  
u t e d   p a r t l y   t o   t h e   u s e  of a l i n e a r i z e d   r e p r e s e n t a t i o n   o f   t h e   p o t e n t i a l  flOF7. 
The assumption  that  rate of growth  of  the  dead'-air  region a t  the   onse t   o f  
leading-edge stall is the  free-stream  speed and the   u se   o f  a quasi-steady 
model for   the   v i scous   mix ing   reg ion   a l so   cause   quant i ta t ive   d i f fe rences   be tween 
t h e  computed and  measured  loading. 

The l a rge   t o r s iona l   r e sponse  of he l icopter   b lades   dur ing  a maneuver which 
had been  detected i n  f l i g h t  tests c a n   b e   a t t r i b u t e d   t o  dynamic s t a l l  induced 
by p rev ious ly   fo rmed   t i p   vo r t i ce s ,  as hypothesized i n  Ref. 21. The response 
i s  pr imar i ly  a t  t h e   t o r s i o n a l   n a t u r a l   f r e q u e n c y ,   r a t h e r   t h a n  a t  t h e   e x c i t a t i o n  
frequency,  because  the severe nose-dotm moments i n  s ta l l  c a u s e   t h e   b l a d e   t o  
r a p i d l y   u n s t a l l ,   e f f e c t i v e l y   l o a d i n g   t h e   b l a d e   w i t h  a series of  impulses. 
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APPENDIX A 

SOLUTION  FOR  STALLED  FLAT PLATE I N  STEADY FLOW 

F i r s t ,   c o n s i d e r   t h e  case with xR > b . Equations (2) through (5) become, 
for   s teady   f low  wi th   cons tan t   p ressure  p i n   t he   dead -a i r   r eg ion :  

d 

The f i r s t   s t e p  i s  to   r educe   t he  number of   equat ions  by  solving  for  y on 
t h e   i n t e r v a l  (-b , xs i n  Eq. (A-1) and   so lv ing   for  o on t h e   i n t e r v a l  (b , XR ) 
from Eq. (A-4). Formally  invert ing  those two s i n g u l a r   i n t e g r a l   e q u a t i o n s   ( s e e  
Ref. 22) , it i s  found t h a t  
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resulting  integrals 
is  obtained : 

88 

are  evaluated,  the  following  pair of integral equations 



It is requ i r ed   t ha t  u be well behaved a t  x = xs , which,  from Eq. (A-7), allows 
the   va lue  of A' to   be  ass igned:  

A '  
a  a 77 - xs 
" - 2 U a x s  + - Y(71)  d77 

Equations (A-7) and (A-8) can  be combined  by formally  solving Eq. (A-8) 
f o r  (T : 

+ a  [.- 2(P"Pd pu \j[(%)-+ 2dp,-pd)  PU  (b-x,) 8 21 I f  u i s  t o   b e  a t  l e a s t   i n t e g r a b l e  a t  x = b  , t he   quan t i ty   i n   b racke t s   mus t   van i sh  
a s  x-,  b . This  provides a relat ion  between  the  undetermined  constants  C and B '. 
The cont inui ty   o f  u a t  x =  xs p rov ides   t he   o the r   r e l a t ion   needed   t o   so lve   fo r  
t hose   cons t an t s ,   w i th   t he   r e su l t   t ha t  
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Now, l e t  

With some manipulation  of  the  integrand  of Eq. (A-IO), t ha t   r e l a t ion   can   be  
w r i t t e n   i n   t h e  form 

This   equat ion  can  be  solved  for  g . L e t t i n g  Z, = (X,) and zb = z (b) , 
Eq.  (A-11) g ives  

where  the  undetermined  constant was a s s igned   t o  make g well behaved a t  Zb and 

f r ac t ions ,   t he   r e su l t i ng   i n t eg ra l s   can   be   eva lua ted  by s tandard methods. By 
s u b s t i t u t i n g   t h e   r e s u l t   i n   p r e v i o u s   r e l a t i o n s ,   e x p r e s s i o n s   f o r  y and u over   the  

k, = U a  , $ = (P, - pd)/pU . I f  the  integrand  of  Eq.  (A-12) i s  expanded i n   p a r t i a l  

whole i n t e r v a l   f o r  which  they 
f o r  XR > b is: 

are defined  can  be  obtained. The complete   solut ion 

r 1 

- b  < X < X , ;  - 
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u(x) = - (C,-C1 2) 
Z 2 

, xs 5 x b ;  

where 

C 1  = (ka zs + kp> Jo - (ka- kp z s )  $1 

l / ( 1 - z s z b ) 2  + ( z s  + zb)2  + ( 1 - 2 s   z b )  
gn = 1 n = 0,l. 

2(1 z s 2 )  ( 1  + z b 2 )  

The s o l u t i o n   f o r  XR < b is obtained by an  analogous  procedure,  there 
aga in   be ing   fou r   coup led   s ingu la r   i n t eg ra l   equa t ions   i n  u and y .  An equat ion 
f o r  y on the   in te rva l (xs7  xR ) i s  obtained  which i s  o f   exac t ly   t he  same form 
as Eq.  (A-12). Omi t t ing   t he   de t a i l s ,   t he   so lu t ion   fo r  xR < b is: 

-b < X x S ;  
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where 

while ?, and z1 have  the same definitions as C, and C1 , respectively, but 
with zs replaced by rs and z replaced by rR . b 
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APPENDIX B 

POTENTIAL ??LOW FORMULATIONS 

The coefficients and inhomogeneous terms of E q s .  (8a) and (8b) are given 
by the  following  expressions. For simplicity all lengths in this appendix have 
been made dimensionless using  semichard  as reference length. It is understood 
that  any complex term is  omitted. 

amo = 1 + 2X, 

aml = cos 8, + A, 

= COS n e, , n = 2, 3, * 'e Ny 

where 
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x - x  
Ym On-1 

X - x  
=n+ 1 Ym 

= o  , x  < x  o r x  > X  
Ym On- 1 Ym On+l 

n = 2, 3, * - - , N,. 

4 1 

3 2 
rm = 2w/U0 + - Am 12  ko (t-At) + - A1 ([-At)] 
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where 

COS 0, = X for Y < 1. 
"k "k - 

where, i f  CI (X) = 4 ( x R  + 1)  (xs + 1) - 1 - x, then, f o r  IC. < xs, 

r 1 

whi le   for  x s  5 x xR, 

L 

1 
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where 

2 

(b-a) I (a, b; x )  = 
g 2 

i7 uo 3(1-~uk2) 

+ - -  ( l + Z  ) - 3 f  
465, u Ok 1 Ok + 2A5, 

L 

1 
(t-At) + - A1 ([-At) 

2 1 
1 

2 2 
- 1 [Ao (t - 2At) + - Al (t - 

2 I,(; , t -At)  
Ok 

1 

for Z < 1. 
Ok 
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t h e  terms involving A, and A1 and t h e  Iy 's being  dropped  for xak > 1 , with 
- 

1 
2 Iy (x,  t - uAt) = (n - 8 + sin 8 )  ( t  - vAt) + - ( t  - V A t j l  

s i n  (n - 1) 8 
n - 1  2 

- 1 A,, ( t  - VAt) 

1 -- 
4 % +  u 

( t )  (l+X) (1 - x*> , IJ = 0 , 1 , 2 ;  

with x = cos8 . 
For -1 L x 21, with x = cos 8 ,  
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where I = 

J x T l  

The f low  at  the  surface and th,e pressure  coefficient  are  given by the 
following  expressions  (again  letting x = cos e ) :  

where 

C f q ( x , o k , t )  = 2Tmrur - c o s e / 2  1 U n sin n 8 
(1 - C O S  8) - cos 

UO sin 8 
n = l  
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1 
2 

I,, (x, t) - 21,,(x7 t - At) + - $(x, t - 

UIJ 
2 

1 
+ - {$ I,(t) - 2 I, (t  - At) + - I, (t  - 2 At) 

U W 0  
2 3 
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APPENDIX C 

BOUNDARY LAYER FINITE DIFFERENCE RELATIONS 
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The gradient a t  the  wall, needed to  evaluate the  shear, i s  given by 
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